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preservation, and illustrate its expressive power through a number of case studies drawn from the recent
differential privacy literature.

CCS Concepts: » Security and privacy — Logic and verification; « Theory of computation — Linear
logic; Type structures; Program semantics.

Additional Key Words and Phrases: Type Systems, Differential Privacy

ACM Reference Format:

Matias Toro, David Darais, Chike Abuah, Joseph P. Near, Damian Arquez, Federico Olmedo, and Eric Tanter.
2023. Contextual Linear Types for Differential Privacy—Extended Version with Proofs . ACM Trans. Program.
Lang. Syst. 1, 1 (January 2023), 100 pages. https://doi.org/10.1145/000000

“This work is partially funded by ANID FONDECYT Projects 11181208, 1190058, 3200583, and ANID Millennium Science
Initiative Program: code ICN17_002.
FWork done in part while at University of Vermont.

Authors’ addresses: Matias Toro, Computer Science Department (DCC), University of Chile, Santiago, Chile; David Darais,
Galois, Inc., Portland, USA; Chike Abuah, Computer Science Department, University of Vermont, Burlington, USA; Joseph
P. Near, Computer Science Department, University of Vermont, Burlington, USA; Damian Arquez, Computer Science
Department (DCC), University of Chile & IMFD, Santiago, Chile; Federico Olmedo, Computer Science Department (DCC),
University of Chile & IMFD, Santiago, Chile; Fric Tanter, Computer Science Department (DCC), University of Chile & IMFD,
Santiago, Chile.

Permission to make digital or hard copies of all or part of this work for personal or classroom use is granted without fee
provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and
the full citation on the first page. Copyrights for components of this work owned by others than ACM must be honored.
Abstracting with credit is permitted. To copy otherwise, or republish, to post on servers or to redistribute to lists, requires
prior specific permission and/or a fee. Request permissions from permissions@acm.org.

© 2023 Association for Computing Machinery.

0164-0925/2023/1-ART $15.00

https://doi.org/10.1145/000000

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: January 2023.


https://doi.org/10.1145/000000
https://doi.org/10.1145/000000

2 Matias Toro, David Darais, Chike Abuah, Joseph P. Near, Damian Arquez, Federico Olmedo, and Eric Tanter

1 INTRODUCTION

Note. This paper uses colorblind-friendly colors in notation to convey information, and is best
consumed using an electronic device or color printer.

Over the past decade, differential privacy [32] has become the de-facto gold standard in protecting
the privacy of individuals when processing sensitive data. In contrast to traditional approaches like
de-identification, differential privacy provides a formal, composable privacy guarantee. Differen-
tially private algorithms typically protect privacy by selecting from a handful of basic mechanisms
to perturb their outputs. For example, the Laplace mechanism can be used to add noise to the
population count of a city to prevent an adversary from successfully guessing whether or not a
particular individual lives in that city. Most programming-language-based approaches to differential
privacy are applied to verifying either the implementation of a mechanism, such as the Exponential
mechanism, or the composition of multiple uses of mechanisms, such as computing a histogram
using the Laplace mechanism (multiple times) as a primitive.

There are two challenges when writing differentially private programs. First, noise must be
added to the right values in the program in order to achieve some guarantee of privacy; this includes
the final output of the program, as well as many intermediate program values. Second, the correct
amount of noise must be added in those places to achieve the desired amount of privacy. In the
differential privacy framework, privacy is a quantitative feature—more noise gives more privacy.
Adding too little noise is as ineffective as adding no noise at all, and adding too much noise renders
the result of the computation useless. Programmers must therefore ensure they have added enough
noise, in the right places, and that the noise is minimal—a daunting task.

Since differential privacy is a probabilistic, multi-run (hyper [25]) property, it is not straightfor-
ward to develop test cases for differentially private algorithms. Consequently, differentially private
algorithms are usually developed by experts in the field, and these experts produce manual proofs
of privacy for each new algorithm. This reliance on experts is limiting. First, there is a practical
need for developing privacy-preserving applications without access to an expert in differential
privacy. Even still, experts aren’t perfect: for example, several incorrect versions of the Sparse
Vector Technique [31, 32] have appeared in published papers [41], despite being authored and
peer-reviewed by experts in differential privacy.

Due to these challenges, verifying differential privacy in programs via type checking has received
considerable attention. The first such approach, Fuzz [49], uses linear types to verify pure e-
differential privacy. Fuzz and its successor DFuzz [34] have a number of attractive properties,
including support for automation and higher-order programming. Fuzz was the first to use linear
types to bound function sensitivity: how much a function’s output changes given a change to its
input. Sensitivity is then used to determine the (minimal) amount of noise required to achieve
privacy. Fuzz uses the same sensitivity type system to also track privacy, which is advantageous
due to its simplicity, but as a consequence is unable to support advanced variants of differential
privacy, like (e, 8). A recent approach [29] extends the terminating fragment of Fuzz using graded
comonadic liftings to support advanced variants such as (e, §)-differential privacy. In the following,
we call this extended language Fuzz¢®. Another approach, HOARE?, uses relational refinement
types to encode differential privacy [14], and improves on Fuzz-like systems in its ability to support
advanced variants. In general, type-based approaches like Fuzz and HOARE? are used to verify
programs which compose mechanisms, and not the implementations of mechanisms.

An alternative set of approaches use program logics [15-17, 50] to verify both the implementa-
tions of mechanisms and simple forms of composing mechanisms, while also supporting advanced
variants like (¢, §)-differential privacy [32], zero-concentrated differential privacy [21], and Rényi
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differential privacy [44]. However, these benefits come at the expense of automation and support
for higher-order programming.

The DukT language [46] and type system strikes a new balance in this space by building on the
designs of Fuzz and DFuzz. Like Fuzz, DUET supports automation and higher-order programming,
and like Fuzz¢®, HOARE? and recently developed program logics, DUET supports advanced variants
of differential privacy. Like all type-based approaches, DUET cannot be used to verify implementa-
tions of mechanisms, however even when verifying programs which compose mechanisms there is
still room to improve: DUET is not expressive enough to support higher-order programming in full
generality—something Fuzz, DFuzz, Fuzz¢® and HOARE? are each able to achieve.

This paper presents Jazz, the successor to DUET which significantly improves upon its design.
Jazz is a linear type system with support for latent contextual effects for function sensitivity and
differential privacy; this combination supports advanced privacy variants (like DUtT, Fuzz¢® and
HOARE?), automation (like DUET and DFuzz), and fully general higher-order programming (like
Fuzz/DFuzz, Fuzz¢® and HOARE?). Like DUET, the Jazz language is built from two mutually-
embedded sublanguages—one for sensitivity, and one for privacy—which allows it to support
advanced variants of differential privacy automatically through typechecking. Also like DUET (and
Fuzz/DFuzz, Fuzz€® and HOARE?), Jazz is designed for verifying the composition of mechanisms,
and not their direct implementation.

The key insight of Jazz is the incorporation of latent contextual effects into a linear type system.
A latent effect is one that is deferred or delayed; rather than accounting for the effect immediately, it
is tracked and accounted for later. A contextual effect is one that tracks effect information for each
variable in the context, including closure variables used in higher-order function bodies. Technically,
this is similar to the open closure types introduced by Scherer and Hoffmann [51], specialized to
the tracking of sensitivity and privacy, and generalized to positive type constructors such as sums
and products. In addition to supporting higher-order programming in the presence of advanced
privacy variants, these latent contextual effects also can yield advantages in terms of precision of
the analysis, annotation burden, and modularity.

The challenge of higher-order programming. Consider the n-iteration loop combinator in Fuzz,
loop,,, which has type 7 — (r — O7) —,, Or. This type describes a two argument function that
takes some value of type 7 as the first argument, a function as second argument (which accepts
and returns values of type 7), and returns a final value of type 7. The modality O in the return type
for the function argument and final return type indicates that the function is probabilistic (due to
the use of differential privacy mechanisms), and when appearing in the codomain of a linear arrow
—o indicates that the function satisfies differential privacy.

Both function sensitivity and differential privacy are two-run (hyper)properties of a function
output w.r.t. some particular input. For example, a function of body 2x + 3y is 2-sensitive in x and
3-sensitive in y, meaning that if e.g. input x varies by at most d and y is held constant, then the
function output varies at most by 2d. When a closure is created, the closure captures sensitivities
as well as values, so the sensitivity of the closure Ax. 2x + 3y would be “3 in y”. The situation is
analogous when tracking privacy and creating closures which capture privacy costs. Looking back
to the type of loop,, in Fuzz, the second argument will be a closure whose captured environment
tracks a privacy cost for each closure variable. The interpretation of the linear function type —o,, is
to scale the privacy effects in the closure environment of the looping function of type © — Oz by n.
We call this scaling implicit and pervasive in Fuzz because it occurs at every let-binding and function
call. In the original Fuzz language, such scaling is only sound and precise for pure e-differential
privacy, and as a consequence of this pervasive scaling, Fuzz could not be instantiated to advanced
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differential privacy variants, until recently, where Fuzz¢® now support advanced variants such as
(e, 8)-differential privacy through a path metric construction.

The DUET language prohibits this pervasive scaling in its type system in order to support
advanced differential privacy variants, but as a consequence it cannot initially derive a type for
loop,,, and instead it must define a custom typing rule for loop, . The issue is that DUET prohibits
all scaling of privacy quantities. However, scaling is allowable (i.e., sound) in special restricted
instances when using advanced variants. The challenge is then to disallow implicit pervasive scaling
while allowing explicit restricted scaling. Because no type can be written for loop,, in DUET, it (and
many other higher-order functions) must be given explicit typing rules. This poses a significant
restriction on higher-order programming, for instance loop,, cannot be lambda-abstracted in DUET.

Jazz directly solves the challenge of encoding the explicit, restricted scaling that is required
to support both advanced privacy variants and higher-order programming. In Jazz, the type of

. . . 1=re? z[rene . .
the n-iteration construct is: loop, : 7 — (7 T) 7. In this type, the privacy effect

on the closure is given an explicit representation notated 13[€ ¢, which means “(¢,8)-privacy for
variables in the closure environment >”. This effect is latent because the effect isn’t “paid for” until
(and each time) the function is called, and it is contextual because it includes a privacy effect (which
may be “zero”) for each free variable in the context. This effect is then explicitly scaled by n, the
number of loop iterations, in the final effect of applying the function.! More powerful looping
combinators such as advanced composition can also be encoded with these latent contextual effects;
such combinators cannot be described in any prior linear type system—including Fuzz and DFuzz.

Contributions. JAzz supports writing higher-order programs, and automatically verifying that
such programs satisfy advanced variants of differential privacy. The novel features of Jazz—linear
types with latent contextual effects—are crucial for practical differentially-private programming.
We illustrate this expressive power by showing how to encode numerous mechanisms and tools for
differential privacy as Jazz primitives, including the Laplace, Gaussian, and Exponential mechanisms,
advanced composition, and privacy amplification by subsampling. We also demonstrate the use
of Jazz to verify larger algorithms in two case studies: the MWEM algorithm [38] and a recently-
proposed differentially-private machine learning algorithm based on gradient descent with adaptive
gradient clipping [53]. Note that these examples are expressible in DUET only by adding new core
typing rules for each primitive used, which strictly speaking requires re-proving the metatheory of
the extended language. In contrast, Jazz subsumes DUET and supports all these examples without
having to add new typing rules, and with a much smaller core language. Finally, Jaozz is amenable to
reasonably efficient automated typechecking; we have implemented a typechecker for the language
that can verify privacy costs for our case studies in milliseconds.

We prove the type soundness of Jazz using a step-indexed logical relation over a mixed big-
step/denotational semantics with embedded discrete probability distributions as probability mass
functions (PMFs).?

In summary, the contributions of this paper are:

e JAzz, a practical, higher-order, general purpose programming language for writing differen-
tially private programs, which supports advanced variants of differential privacy.

o A novel linear type system for Jazz which includes latent contextual effects, allowing to delay
the payment of effects of connectives such as product, sums and functions, until actually

In addition to the color red, we notate the arrow in privacy function types with a double head —» to further visually
distinguish them from sensitivity function arrows —. We describe details such as the definition of the ] [— notation later.
2We restrict ourselves to discrete distributions because considering continuous distributions would complicate the language
semantics (continuous distributions interact badly with higher-order functions) and our main focus here is on the type
system.
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eliminated; e.g. if the second element of a pair is never used, it does not contribute to the
effect of the program.

o A formalization and proof of type soundness of Ay, the core language of Jazz, based on a
proof technique with step-indexed logical relations.

e A prototype implementation of the Jazz typechecker, together with a library of primitives for
differential privacy, and case studies that demonstrate the expressive power and practicality
of Jazz.

We first briefly introduce some key concepts of differential privacy (§ 2) and then give an overview
of key design choices and benefits of contextual linear types in Jazz (§ 3). Jazz is a two-language
design, and what follows is a presentation of each sub-language in two multi-section arcs. First, we
present the sensitivity-only language design (§ 4) and metatheory (§ 5). This language does not
include differential privacy operations in the language, or privacy quantities in types. Next, building
on this sensitivity core, we present the full privacy language design and metatheory (§ 6 and 7).
Finally, we discuss implementation details including gaps between the actual implementation of
JAazz and its formal model (§ 8), present a few case studies in Jazz (§ 9), discuss related work (§ 10),
and conclude (§ 11).

2 A DIFFERENTIAL PRIVACY PRIMER

Differential privacy is a mathematical definition of what it means for a computation over sensitive
data to preserve privacy [32]. It interprets privacy as a form of plausible deniability and relies on
the use of randomization to achieve it. Informally, a randomized algorithm is differentially private
if the probability that it outputs a particular value remains almost the same with or without a single
individual’s data used as part of the input. Formally, the definition is parameterized by two privacy
parameters € and § that specify to what extent two probabilities are “almost the same”, and by a
distance metric over the algorithm’s (sensitive) input whose role we discuss shortly.

DEFINITION 2.1 (DIFFERENTIAL PRIVACY). Given a randomized algorithm (or mechanism) M €
A — B and a distance metric D4 € AX A — R, the algorithm M satisfies (e, § )-differential privacy
if for all x, x" € A such that D(x,x") < 1 and all possible sets S C B of outcomes, Pr_M(x) € S] <
e PriM(x") € S]+ 6.

The paramenter € quantifies the adversary ability to distinguish two neighbouring inputs upon
observing the corresponding algorithm outputs. It represents the privacy guarantee provided by
the algorithm—the smaller, the less information is leaked about its input. On the other hand, the
parameter J represents a failure probability: with probability at most §, the algorithm is allowed to
violate privacy altogether. In combination, € and & are typically understood as the “privacy cost”
incurred by publicly releasing the algorithm output, associated to a given sensitive input. The
case where § = 0 is called pure (or pure e-) differential privacy, and the case where § > 0 is called
approximate differential privacy. Several other recently-proposed variants of the definition build
on the advantages of (e, §)-differential privacy while eliminating the potential for failure; these
include Rényi differential privacy (RDP) [44], zero-concentrated differential privacy (zCDP) [21],
and truncated concentrated differential privacy (tCDP) [20].

Two algorithm inputs are said to be neighbors if the distance between them is bounded by 1 (i.e.
D(x, x") < 1). In order for the formal definition to match our informal statement, the distance metric
D4 should ensure that neighboring inputs differ by at most one individual’s data. Formalizing this
notion depends heavily on the domain, so different definitions of D are used in different domains.
When considering a relational database table represented as a bag of tuples, one commonly-used
definition for Dpp is symmetric difference [42]: Dpp(x, x”) = |(x—x")U(x’ —x)|. Under this definition,
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Dpa(x, x”) = 1 for tables that differ in one row; if the data contributed by each individual is bounded
to a single row, then this is a good approximation of neighboring inputs.

The definition of differential privacy implies two key properties: post-processing and composition.
Post-processing means that the output of a differentially-private mechanism stays differentially
private, no matter what additional processing is applied. Composition allows bounding the privacy
cost of multiple computations over the same underlaying data: running an (¢, ;)-differentially
private mechanism followed by an (e,, §,)-differentially private mechanism satisfies (e + €2, 61 + d2)-
differential privacy. The privacy parameters € and J are often called the privacy cost because of the
additive nature of composition.

Basic Mechanisms, composition, and scaling. Differential privacy mechanisms typically add noise
to the output of a deterministic function scaled to the function’s sensitivity [32]. A function f € A —
B with distance metrics D4 and Djp is called s-sensitive if Da(x,y) < d = Dp(f(x), f(y)) < sd
for every d € R and every x,y € A. Two commonly-used mechanisms are the Laplace [32] and the
Gaussian [7, 32] mechanisms. Given an s-sensitive function f € A — R, the Laplace mechanism
releases f(x) + Lap(f), where Lap(b) denotes a random sample from the Laplace distribution
centered at 0 with scale b; it satisfies e-differential privacy. The Gaussian mechanism releases

fx)+ N (M) where N(c?) denotes a random sample from the Gaussian distribution

centered at 0 with variance o and €, € (0, 1); it satisfies (e, §)-differential privacy. While the
original Gaussian mechanism requires ¢ < 1, Balle and Wang [7] introduce a variant—called analytic
Gaussian mechanism—that drops the requirement that ¢ < 1.

For implementation purposes, naive floating-point truncations of the real-valued Laplace distri-
bution lead to fatal privacy breaches [43]. Canonne et al. [22] have shown that the Laplacian and
Gaussian mechanisms can both be discretized, while still providing formal privacy guarantees.

Advanced composition [32] yields tighter bounds on privacy cost for many iterative algorithms,
but requires (€, §)-differential privacy. For €,8,5" > 0, the class of (e, §)-differentially private
mechanisms satisfies (¢’, k§ + §’)-differential privacy under k-fold adaptive composition (e.g. a loop
with k iterations) where €’ = ke(e® — 1) + €1/2k In(1/6’). Advanced composition is especially useful
for iterative algorithms that perform many differentially private steps in sequence (e.g. iterative
machine learning algorithms).

Differential privacy is stated in terms of neighboring inputs, i.e. inputs x and x’ such that
Da(x,x”) < 1. When Dy(x,x") > 1, an e-differentially private mechanism provides Da(x, x")-e-
differential privacy. Distances larger than one are typically interpreted as groups of individuals, e.g.,
Da(x, x") = k represents a change to k individual’s input data. Therefore, an e-differentially private
mechanism provides ke-differential group privacy [32] for groups of size k. A similar property holds
for (e, 6)-differential privacy and the more recently developed advanced variants, but the scaling of
privacy cost is nonlinear for all of these variants. For example, on inputs at distance k, an algorithm
satisfying (e, §)-differential privacy yields outputs that are only (ke,k§e*~)¢)-close-instead of
(ke,kd)-close. This nonlinearity makes it difficult to apply techniques based on linear types (which
generally internalize linear scaling of costs [34, 49]) for these variants of differential privacy.

Verification Techniques for Differential Privacy. A number of techniques have been proposed
for verifying that a program satisfies differential privacy, including approaches based on linear
logic [29, 34, 46, 49, 59], couplings and program logics [5, 12, 13, 15-17, 50], and randomness
alignments [54, 58]. Our work is most closely related to Fuzz [49] and its descendants DFuzz [34],
DuUET [46], and Fuzz€® [29], which are based on linear type systems. In particular, these approaches
focus heavily on fully automated verification of differential privacy properties through typechecking,
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and are typically less expressive than program logics, which by contrast support significantly less
(or no) automation. We defer a more complete discussion of related work to Section 10.

3 OVERVIEW OF JAZZ

JAzz builds on the linear type system of Fuzz [49] and the two-language design of DUET [46] by
introducing latent contextual effects. This section introduces and motivates the design of Jazz’s
two languages— one for sensitivity and one for privacy—using simple examples. The design of
each language is described in Sections 4 and 6 respectively, and each metatheory is described in
Sections 5 and 7.

3.1 A Two-Language Design

Jazz follows DUET in being structured as two mutually-embedded sublanguages, one for sensitivity
and one for privacy. In a nutshell, this is because supporting scaling of both sensitivity and privacy
in a uniform and tight fashion is sound only for e-differential privacy, and not for (e, §)-differential
privacy, which has nonlinear group privacy, as discussed in Section 2.

Let us elaborate on this. Recall that the framework of differential privacy builds on randomization
to achieve privacy, and the randomization is typically calibrated according to the sensitivity of the
function whose output one wants to protect. Therefore, in a language to describe differentially
private computations, we can mostly distinguish two class of functions: On the one hand, random-
ized (effectful) functions that are annotated with privacy information, and on the other hand pure
functions that are annotated with sensitivity information. However, when composing functions,
the way their information is combined highly depends on the class of the composed functions.

For example, when composing two functions from the sensitivity fragment, their information is
naturally combined via scaling. Consider, for instance, a 3-sensitive function f; it is not hard to see
that the expression

flx+x)

is (2 - 3)-sensitive in x. The same scaling pattern remains valid when composing a function from
the sensitivity fragment with a function from the privacy fragment, provided the latter satisfies
pure differential privacy: If g is an e.g. e-differentially private function, then the computation

glx + x)

is (2 - €)-differentially private in x. This uniform scaling behavior, which besides being sound is
also tight, lies at the heart of Fuzz/DFuzz design. In fact, in Fuzz/DFuzz both class of functions
live within the same space, following the same typing rules. To enable this uniform treatment, the
languages rely on the two fundamental ingredients: i) the presence of a monad/modality to encode
randomization, and ii) the association of a metric space to each type, which in the case of monadic
types is tailored to encode differential privacy. Said otherwise, in Fuzz/DFuzz differential privacy is
encoded as a sensitivity claim about functions (with a monadic return type).

Unfortunately, this linear scaling—pervasive in Fuzz/DFuzz—is no longer sound when composing
a function from the sensitivity fragment with a function from the privacy fragment that satisfies
approximate—rather than pure—differential privacy. Returning to the previous example, if g is
instead (e, 6)-differentially private, then g(x + x) does not satisfy (2¢, 26)-differential privacy in x,
but only (2¢, 2d¢€)-differential privacy as dictated by the group privacy property for approximate
differential privacy (see Section 2 and Dwork and Roth [32, §2.3]). In effect, this is why approximate
differential privacy lies out of the scope of Fuzz/DFuzz “uniform” design—although recently,
de Amorim et al. [29] has shown that using different metrics allows approximate differential
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privacy functions to be linear, extending a terminating subset of Fuzz to support (e, §)-differentially
privacy via a path metric construction.

In view of this, DUET introduced a two-language design, separating a sensitivity sublanguage in
which scaling remains implicit (internalized by the typing rules) and pervasive (modeling function
composition), and a privacy sublanguage in which scaling is explicit and restricted (ad-hoc typing
rules are needed e.g. to model some privacy combinators). Jazz builds upon this approach and
significantly improves both sublanguages thanks to latent contextual effects, as we illustrate next.

Coloring convention. As noted in the introduction, this paper uses colorblind-friendly colors in
notation to convey information, and is best consumed using an electronic device or color printer.
JAzz consists of two mutually embedded sublanguages, and each language is given its own color.
Furthermore, these two languages share the same language of types, so we use a third color
for the shared fragment. Consequently, we use three color schemes throughout the paper: (1)
blue for general math notation and the type system shared between languages; (2) green for the
sensitivity language; and (3) red for the privacy language. We have carefully chosen the schemes to
be distinguishable (as much as possible) for persons with various forms of color blindness.®

3.2 Sensitivity

In the sensitivity sublanguage of Jazz, the identity function is written X x. x. We write sensitivity
lambdas as A to more easily distinguish them from privacy lambdas, written X (described later).
The identity function is 1-sensitive in its argument x: if x changes by d, then the function’s output
also changes by d. Similarly to the identity function, the doubling function ' x. x + x is 2-sensitive
in x: if x changes by d, then the function’s output changes by 2d.

Fuzz extends the notion of sensitivity to multi-argument functions by assigning a sensitivity
to each argument. For example, the curried function X'x. Ly. x + x + y is 2-sensitive in x and
1-sensitive in y. If x changes by d, and y changes by d,, then the function’s output changes by
2d, + 1dy.

In general, the sensitivity of a function can be written as a linear combination of the changes in
its inputs. In Jazz, we express function sensitivities as linear formulas over the function’s input
variables, using the variable name itself as a placeholder for the change in that input. Jazz’s type
system gives the following types for the three examples we have seen so far:

Xx.x):(x:R) SR
Xx. x+x):(x:R) SR
Fx. Xy x+x+1): (RS y:R) 2L R
The linear formulas written above function arrows represent the sensitivity effect of the corre-

sponding function. The general form of sensitivity function types is (x : 77) TN 75, where Y. is the
sensitivity effect of the function, expressed as a linear formula. Note that x is in scope for ¥ and 7.
Importantly, occurrences of x in ¥ and 7, represent the sensitivity of the variable x, rather than
its value, so JAzz supports sensitivity-dependent types. Also, we usually drop “null” effects over

. 0 . . .
function arrows such as — above, and instead just write —.
As usual, Jazz accommodates higher-order functions by scaling sensitivities. For example, apply-
ing a 2-sensitive function twice yields a 4-sensitive function:

Af 2y fysfy(Fxx+x:y:R) SR

3We chose colors following the 24-Color Palette from http://mkweb.bcgsc.ca/colorblind. E.g., to persons with deuteranopia
(the most common form of color blindness), colorschemes m/m/m appear as B/m/m respectively.
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In addition to function types, other type connectives in Jazz like sums and products also carry
sensitivity effects, such as 219>, for sums, 7; '®* 1, for multiplicative products, and
7, 21&”* 1, for additive products. These connectives are extensions of the linear type connectives
71 ® 12, 71 ® 72 and 7y & 7, from Fuzz, augmented with latent sensitivity effects.

We say that sensitivity effects in Jaozz are latent because they only contribute to the sensitivity of
an expression when the type connective is actually eliminated. For instance, in the third example
above—a curried function—the sensitivity effect on the first argument is delayed until the second
argument is received. If a second argument is never received, then the sensitivity effect on the
first argument can be ignored. Likewise, the annotations >; and ¥, in the type 7; *'®>* 7, encode
the latent sensitivity cost for each component of the connective: for r; (the left) and 7, (the right)
respectively. In contrast to Fuzz, creating a pair in JAzz can have no immediate sensitivity cost:
only projecting out of a pair has a cost in sensitivity, depending on which component is projected.
Additionally, we say that sensitivity effects are contextual because X can refer to variables in scope.

3.3 Privacy

To encode differential privacy, Jazz makes use of privacy functions (notated —») rather than of
sensitivity functions (notated —) as in the previous examples. As such, privacy functions are
annotated with privacy—rather than sensitivity—effects. The type of a function from 7; to 7, which
is (€,0)-differentially private in its argument is as follows:

(x : 71:d) ﬂ» Ty
Semantically, this type describes functions f, where if D, (x,x") < d then f(x) and f(x") yield
distributions which are “(¢,0)-close” according to the definition of (¢, J)-differential privacy.

The annotation d is necessary to support (and unique to) advanced variants of differential privacy
like (e, 6)-differential privacy. In the pure e-differential privacy framework, it is common to first
establish the property for d = 1, that is, if D, (x,x”) < 1 then f(x) and f(x’) are e-close. Once
established, this property then implies that if D, (x, x") < d then f(x) and f(x’) are de-close, for
any d. However, this linear scaling does not carry over to advanced variants like (e, )-differential
privacy. As a consequence, d must be specified directly as a parameter and cannot be recovered by
scaling the property instantiated to d = 1. We refer to this distance—d—as the relational distance
since it pertains to the (two-run) relational property of differential privacy, and specifically, the
distance between inputs x and x’ for each of the two executions f(x) and f(x”). We also use this
terminology in the context of sensitivity, e.g., an s-sensitive function is one which upon inputs
within relational distance d returns outputs within relational distance sd.

As explained in Section 2, differential privacy is usually achieved by the use of mechanisms like
the Laplace (for e-differential privacy) or the Gaussian mechanism (for (¢, §)-differential privacy).
In Jazz, the primitive function implementing the Laplace mechanism has the following type:

laplace : V(d : R) (¢ : R). (d : R[d]) — (€ : R[€]) — (x : Rd) LNEI

There are three logical parameters to the laplace function: d is the relational distance (explained
above) used in the statement of privacy satisfied by the function, € is the privacy level we want to
enforce, and x is the value we (want to protect and) are adding noise to. When executing laplace,
the amount of noise added is Lap (g) which depends on both d and €, so they must be runtime
values. Also, when typechecking laplace, the amount of privacy obtained depends on ¢, and the
distance d must also be tracked to enforce that the computation feeding laplace with its argument
x produces values within relational distance no larger than d. Because the values of d and € are
required for both runtime execution and type checking, we require a form of dependent types.
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To support dependent types, we use a singletons approach—a technique initially developed for
dependently typed programming in Haskell [33, 39], and which we borrow directly from DFuzz
in the context of supporting parameterized differentially private functions [34]. In this approach,
each dependent argument has two representations—one for the type and term level respectively. In
the type of laplace, d is the type-level representation of term-level variable d, and likewise for é
and e. (We further discuss singletons and their implementation in Section 8.)

The final argument x : R-d will have Laplace noise added to it and then returned as the result of
the laplace function. The annotation “.d” in the type of x places a precondition on the computation
used to supply the value to protect: its output must have relational distance no larger than d. After
all, the noise added is only guaranteed to give e-differential privacy for values that result from
computations with relational distance d.

The final privacy effect for the function is co(d + €) + (¢, 0)x, indicating that no privacy promises
are made for the values d and ¢, and that privacy is promised for input x with cost (¢, 0); we write
oo(d + €) as shorthand for cod + coe.

Like Fuzz, DFuzz, and DUET, Jazz extends the notion of differential privacy from single-argument
to multi-argument functions, assigning each argument a privacy cost (e.g. the privacy effect
oo(d + €) + (€, 0)x for the laplace function describes privacy costs for d, €, and x). This approach is
formalized in Section 7.3. By convention, most differentially private programs expect a single input
to contain the sensitive data, and the privacy cost assigned to this argument is most important in
ensuring privacy. The costs associated with the other arguments are typically infinite, indicating
that the program does not preserve privacy for these inputs.

We can give a similar type to the gauss function, which provides (¢, §)-differential privacy by

92 5
adding Gaussian noise drawn from N (W):

. R . N A« co(d+e+8)+(é,8)x
gauss : V(d : R) (€ : R) B : R). (d: R[d]) — (€ : R[€]) — (8 : R[§]) — (x : Red) ZEEDHENX
In Jazz, privacy primitives are used in the privacy sublanguage. For example, the following privacy-
sublanguage expression partially applies the Gaussian mechanism to values for d, € and , resulting
in a privacy function that satisfies (1.5, 10~°)-differential privacy for any input at relational distance
4:

1.5,107°
gauss 4 1.5 107 : (x : Ro4) W20 g

Note that we omit the instantiation of forall-quantified type variables d, ¢ and § to type-level
constants 4, 1.5 and 107>, as they can be inferred from the value-level arguments d, € and .

The privacy sublanguage also contains monadic bind (notated <) and return constructs for
composing differentially private computations. Privacy functions 1 (x-d). e are created in the
sensitivity sublanguage (because function creation is “pure”), although the function body e lives
in the privacy sublanguage. The annotation d is the relational distance explained previously for
privacy function types. For example, the following function computes two differentially private
results and adds them together:

X (x-1). 1y « gauss 1 1.5 0.001 x;
g
ry «— gauss 2 0.5 0.001 (x + x); : (x:R-1)
return (r; + r)

(2.0,0.002)x
—_

The bind operator encodes the sequential composition property of differential privacy (Section 2),
adding up the € and § values of subcomputations. The return operator encodes the post-processing
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property of differential privacy. The relational distance parameter of 1 is in general inferrable
during type checking; we include it as a visible term-level parameter for presentation purposes.

Beyond DUET. The privacy sublanguage of Jazz briefly introduced here lifts a number of important
limitations of the privacy sublanguage of DUET. We sketch two of these here, and postpone further
comparison to later sections.

First, to avoid scaling in the privacy sublanguage, DUET requires the arguments to privacy
functions to have a maximum sensitivity or relational distance of 1. This limitation makes it
impossible to give general types to the gauss and laplace functions as we just shown in Jazz. As a
result, DUET includes a dedicated type rule for each basic differential privacy mechanism, where
each rule is parametric in the sensitivity or relational distance of the argument. Jazz’s addition
of relational distance annotation “-d” in the types of function arguments eliminates the need for
special type rules, and mechanisms can instead be encoded as primitives with an axiomatized
type. The primary benefit of this is that the metatheory need not be extended each time a new
mechanism is considered.

Second, while pervasive scaling is generally undesirable for privacy costs, some constructs such
as advanced composition rely on the ability to scale privacy costs in controlled ways that are
supported by theorems specific to that privacy model. Because DUET’s privacy language disallows
scaling entirely, these constructs are impossible to encode as functions and must also be given
special typing rules. The latent privacy effects in Jazz allow constructs like advanced composition
to be given regular function types. Overall, the Jazz design makes differential privacy by typing
in the presence of higher-order programming possible for advanced differential privacy variants.
The following sections dive into these benefits, by focusing first on the sensitivity sublanguage
(Section 4), and then the privacy sublanguage (Section 6). Sections 5 and 7 develop the metatheory
of each respective sublanguage.

4 DESIGN OF JAZZ’S SENSITIVITY TYPE SYSTEM

Jazz builds upon prior approaches to encoding differential privacy using linear types. In this section,
we first overview some limitations of these approaches related to the tracking of sensitivities, and then
discuss how they can be addressed by Jazz. In this section we color expressions and metavariables
green as they pertain to the sensitivity fragment of Jazz.

4.1 Linear Products and Sums

Existing approaches based on linear types [34, 46, 49] provide elementary datatype abstractions to
programmers such as pairs (products) and tagged unions (sums). However, some of the sensitivity
analysis they implement for these datatypes can lead to overly imprecise—or even unsound—
approximations in some circumstances.

We now briefly overview these datatype abstractions; a summary is provided in Table 1.

Linear products. Because existing systems are based on intuitionistic linear logic, two product
types emerge: multiplicative products ® and additive products &. Multiplicative pairs encode two
resources, both of which can be used. Additive pairs encode two resources, but in contrast to
multiplicative pairs, only one of them can be used at a time—a computation may use either their
left or right component, but not both. This constraint is reflected on the management of type
environments in their typing rules. Consider, for instance, the multiplicative product (x, x) and the
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Datatype Intro. Elimination  Distance
Multiplicative  (e1, e2) let x,x2 =e  Dren({e1n, e2), (e21, e22)) = D (e11, €21) + Dg,(e12, €22)
product (®) in e’
Additive (e1,e2) (1) fste Dr, &1, ((e11, €12), (€21, e22)) = max(Dy, (e11, e21), Dr, (e12, €22))
product (&) (2) snd e
Sum (®) (1) inl e case e of D@, (inl e11,1inl ez1) = Dy (e11, €21)

(2) inre  {x; = e} D@5, (10r e12, inr ez) = Dy, (e12, €22)

{x2 = e2} Do, (inl e11,inr ez) = Dy gr,(inr e1z, inl ez) = o

Table 1. Datatype abstractions provided by systems based on linear types [49].
For defining the distance associated to the datatypes (table last column), we assume that ey, e2; : 71 and ey, ez : 7.

additive product (x, x). Fuzz generates the following type derivations for the pairs:

®I &I
xqR F x:R x3R F x:R xR F x:R x3R F x:R

xR F (,x):R®R xgR F (,x):R&R

where judgment x :; 7 - e : 7’ denotes that expression e is an s-sensitive computation on x
(and has type 7’ assuming that x has type 7). The type derivation on the left (for multiplicative
products) adds (variablewise) the environments of both components (x :2 R = x ;; R+ x :; R),
reporting a sensitivity of 2 in x. On the other hand, the type derivation on the right (for additive
products) calculates the maximum (variablewise) between the environments of both components
(x ;1 R = max(x :; R, x :; R)), reporting a sensitivity of 1 in x. The elimination rules also follow
these principles: while a multiplicative pair is destructed via pattern matching giving access to
both its components, an additive product is destructed via projection operators that give access to
a single component.

When applied to sensitivity analysis, these type connectives no longer encode accessibility of
a pair of resources, rather they encode an abstraction of the sensitivities of each component of
the pair. The sensitivity for the whole pair is coarse and either tracks the sum of sensitivities of
each component (in the case of multiplicative products) or their maximum (in the case of additive
products), as reflected in the last column of Table 1.

Linear sums. Rather than a simultaneous occurrence of resources, sums encode an alternative
occurrence of resources. Sums are introduced via inl and inr constructors, and destructed via a
case expression with one branch for each of the constructors.

In the context of sensitivity analysis, the sensitivity of a sum in(1/r) e encodes both the sensi-
tivities of the contained expression e, as well as the sensitivities for the direction of the injection (left
or right). For example, inl (x + x) is 2-sensitive in x, however if y < 10 then inl x else inr x
is co-sensitive in y because a change in y could change the direction of the injection.

As usual, these systems leverage sums to encode boolean values, e.g., the boolean type is encoded
as B = unit ® unit, where unit represents the unit type, inhabited by unit value tt. Under this
encoding, an if—then—else expression becomes syntactic sugar for a case expression. Also note
that boolean values true = inl tt and false = inr tt are at distance co from each other in this
encoding. This observation will be particularly relevant in some of the forthcoming examples.
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4.2 Limitations of Prior Sensitivity Linear Type Systems

Fuzz [49] is the first work to leverage linear (or affine) types for reasoning about program sensitivity.
Since its introduction, other systems based on linear types were developed to address different lim-
itations of Fuzz. These primarily comprise DFuzz [34], which allows value-dependent sensitivities
and privacy costs, and DUET [46], which allows advanced variants of differential privacy.

Being based on the same underlying sensitivity analysis, all these systems suffer from common
limitations related to the sensitivity tracking for products and sums. Through a series of minimal—
yet instructive—examples, we now discuss the limitations we have identified.

Limitations related to linear products. In Fuzz-like systems, each product and sum type introduces an
approximation for the sensitivity analysis they underpin. When using pair types, this approximation
forces the programmer to predict how each pair will be used in later parts of the program, and
select the right one to achieve precision: if only one component of the pair is used, then the additive
product will give perfect precision; conversely, if both components of the pair are used with the
same sensitivity, then the multiplicative product will give perfect precision. This is limiting for
abstraction, e.g., a library author must commit to one product type, and clients of the library may
turn out to require the other.

Imprecision issues remain even if functions can be inlined: (1) the optimal product choice may
be influenced by the dynamic control flow of the program, which cannot be predicted statically in
general; and (2) for multiplicative products in particular, if both components of the pair are used
with different sensitivities in the body of the pattern match, the sensitivity estimation may give
imprecise results. To illustrate these limitations, consider the following examples as seen by Fuzz.

Example 4.1 (dynamic control). The program below contains a branch on a boolean variable,
which determines the usage pattern of an additive pair: while one branch uses one component of
the pair, the other branch uses both.

// variant using an additive pair (-, -)
let p=(2%x,x)in
if b then 3= fst p

else 2 (fst p+snd p)

First, observe that the program is semantically equivalent to 6 * x, which is 6-sensitive in x. For
the sensitivity analysis a la Fuzz, the pair p is assigned 2-sensitivity in x (the max of each side).
The if rule pessimistically takes the maximum between the sensitivities of each branch. This
maximum sensitivity is attained by the else-branch and gives 8 = 2 - (2 + 2), where the underlined
2 corresponds to the sensitivity of pair p in variable x.

Now assume that we rewrite the program using a multiplicative—rather than additive—pair:

// variant using a multiplicative pair (-, -)
let x1,x, = (2% x,x) in
if b then 3% x;

else 2 (x; + x3)

In this case, the pair is considered 3-sensitive (rather than 2-sensitive) in x, an estimate that is
obtained by adding the sensitivities of its two components, instead of taking their maximum. To
obtain the overall program sensitivity, the pair sensitivity is scaled by the maximum sensitivity of
the two branches in either component of the pair; this maximum is attained by the then-branch
and gives 3 (since the else-branch has sensitivity 2 in both pair components). Overall, this gives
an even worse sensitivity in variable x of 9 = 3 - 3.
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In summary, following Fuzz-like analysis, there is no choice of product connective that yields
the precise sensitivity bound in x of 6. O

Example 4.2 (imprecise scaling). This example shows how imprecision can arise when components
of a pair are scaled before introduction, and then in an asymmetric way after elimination. We only
show the multiplicative pair variant.

let x1,x = (2% x,y) in
X1+ 2% X

The above program is semantically equivalent to 2 #x + 2y, which is 2-sensitive in x and 2-sensitive
in y. However, the type-based analysis yields a sensitivity bound of 4 in x, doubling its actual value.
The analysis proceeds roughly as follows. The left component of the pair is 2-sensitive in x, and
the right component is 1-sensitive in y. As hinted in the previous example, for multiplicative pairs
Fuzz-like systems sum the sensitivities of each component to yield the sensitivity of the whole, so
the resulting pair is 2-sensitive in x and 1-sensitive in y; note that (2 = x + y,0), (0,2 * x + y) or
even (x, x +y) would also result in the exact same sensitivity analysis. The effect of eliminating the
pair via pattern matching is to scale the pair sensitivity by the maximum sensitivity of the body
(%1 + 2 * x7) in the pattern variables (x; and x), 2 in this case. The result is a final sensitivity of
4=2-2inxand 2 = 2 1in y, which is precise for y, but imprecise for x.

If the program is converted to instead use additive pairs, the sensitivity of the pair construction is
2in x and 1 in y (the pointwise max from of each side), and the sensitivity of the whole expression
is 6 in x and 3 in y—strictly worse than the analysis when using multiplicative pairs.

We could fix this program in Fuzz, just like in the previous example, by rewriting the program to
use the scaling operator: either let xy,x; = (!2x%x,y) in let x; = xp in x; +2#x, or let xy,x; =
(2% x,ly) in let x; = xp in x; + 2 * x;. This may be considered as an annotation burden for
programmers because (1) the programmer must know beforehand that the analysis is imprecise
(which might be hard for long and complex programs), and (2) the programmer must manually know
where to apply scaling to achieve better precision. Also, this process relies in an algorithmic version
of the type system of Fuzz, which is not trivial to achieve [27]. Finally, note that scaling in Fuzz is
restricted to non-zero sensitivities. This means that a program such as let xj,x; = (2 x,ly) in x;
would be pessimistically considered to be 2-sensitive in x and 2-sensitive in y, although the program
is really 2-sensitive in x and 0-sensitive in y. O

Limitations related to linear sums. In addition to imprecision with the product types, Fuzz-like
systems also exhibit imprecision with sum types. In these systems, the sensitivity analysis for a
sum introduction is straightforward: the sensitivity of in(1/r) e is simply the sensitivity of e.
The sensitivity analysis for a sum elimination via expression case e of {x; = e;}{x, = e} is,
however, more involved. First, it computes the sensitivity of e; in binder x; for i = 1, 2 and retains
the greatest, say r. The sensitivity of the overall case expression in some variable, say x, is then
computed as the sum between (1) the max sensitivity of e; in x for i = 1, 2, and (2) the sensitivity
of e in x, scaled by r. This brings both unsound and imprecise estimations.

Example 4.3 (discontinuous predicate). An unsound corner case of the above sensitivity analysis
arises, for example, for the program:

if (x < 10) then true else false

The program, which desugars to case (x < 10) {x; = true}{x, = false}, is semantically co-
sensitive in x because changing x by, say 1, could change the result from true to false, which are
infinitely far apart values. Intuitively, we can attribute this to the discontinuity of the program at
x = 10. As for DFuzz and derivative systems like DUET (which support null sensitivities), they
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derive a sensitivity of 0 in x. To illustrate this, let us consider the corresponding type derivation in
DuET:

W-E
X:wR Fx<10:B xR x;:0R F true: B xR xy:0R + false: B

x: R + case (x < 10) {x; = true}{x, = false} : B

The reported sensitivity environment is 0-x :o R +x :0 R = X :(0.c0+0) R = x 3o R: the left summand
0-co originates from the fact that branches are 0-sensitive in their binders, and expression x < 10 is
co-sensitive in x, and the right summand 0 originates from the fact that both branches are 0-sensitive
in x. Since the product operation (for sensitivities) adopted by DFuzz regards 0-co = 0, the analysis
wrongly infers an overall sensitivity of 0 in x. O

Although DFuzz and derivative systems do not account for this corner case and are, therefore,
unsound, this soundness problem is not present in Fuzz as its type system is constrained to non-null
sensitivities (therefore, leaving the program out of its scope). Follow-up work such as [26] and
Fuzz€® introduces rules that recover the analysis soundness by interpreting co-0 = 0-co = co rather
than co-0 = 0, but this leads to imprecision elsewhere in the system. For example, with this fix the
program let y = x < 10 in 1 reports sensitivity co in x despite the term being equivalent to the
constant 1:

X' woR F x<10:B xoRy:pB F 1:R
X0 R F lety=x<10in1:R

A more recent work [28] defines a non-commutative multiplication operator where 0-00 = oo
but c0-0 = 0. In doing so, it addresses the soundness problem for case expressions, and even
though not supporting let-like operations, it could be extended to do so in a precise manner (e.g.
X w0 R F lety = x < 10 in 1 : R). This multiplication operator is, however, awkward to
manipulate and not amenable to automation due to lack of support for non-commutative ring
theories in SMT solvers. Even still, imprecisions continue to arise in this design, as we will see in
the forthcoming Example 4.4.

Besides the corner case described above leading to unsound estimates, imprecise estimates
can also arise when eliminating sums. Imprecision arises because, loosely speaking, the analysis
approximates the sensitivity of a sum elimination via a case expression as the maximum sensitivity
of its branches. As illustrated by the following example, this analysis can dismiss significant
information.

Example 4.4 (conflated branches). Consider the following program:

let a =1if b then inl (x * x) else inr x in
case a of {x; = 0}{x; = x»}

A sum is created as either the left injection of an expression that is co-sensitive in x (since x * x
is s0), or the right injection of an expression 1-sensitive in x. In Fuzz-like systems, such a sum is
conservatively deemed co-sensitive in x. The sum is then eliminated with a constant left branch,
and a right branch that is 1-sensitive in its binder. The ground truth for the program is that it is
1-sensitive in x, as the left injection co-sensitive in x is eliminated to a constant. However, the usual
linear typing discipline does not match the sensitivities of each injection with the case-branch
that each injection would see, reporting an imprecise final sensitivity of oo in x. O
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4.3 Latent Contextual Effects for Precise Sensitivity Tracking in Jazz

Jazz adopts a novel approach to sensitivity tracking for product and sum types, which can address
the previous limitations without the need to rely on scaling of types. The key insight is to delay
the tracking of sensitivities whenever possible, and to split it into two separate analyses: one for
each side of the product or sum. Technically, the main idea is to encode latent sensitivity effects at
the type-connective level. For instance, for multiplicative pairs Jazz has type 7; *'®” ,, where 3,
and X, denote the latent sensitivity effects of each of the pair components. This is in contrast to
the Fuzz type 71 ® 12, which pays for all of its sensitivity effects upfront, when the pair is created.

Precise products. Consider the three related multiplicative pair constructions:
ep = (2xx+y,0) e =(0,2%x+ 1) e3 = (x,x + 1)

For the purpose of sensitivity analysis, Fuzz is unable to distinguish them, as it derives the very
same type judgment for all three, namely

xo2RygRre:RO®R for e € {e1, es, €3}

The type judgment says that the pairs are 2-sensitive in x and 1-sensitive in y (the subscript
annotations in the type environment), but does not say how this sensitivity effect is distributed
between the pair components. In other words, Fuzz treats pairs as a whole. In contrast, JAzz can
derive three different type judgments, precisely capturing the sensitivity of each pair component:

x:Ry:Rre :R¥*YQR  x:Ry:Rre:RO*YR  x:Ry:Rre:R*®@YR

Recall from Section 3.2 that in Jazz we use linear formulas to denote sensitivity effects and therefore,
in e.g. the first type judgment above, 2x + y refers to the sensitivity effect > = {x — 2,y +— 1},
meaning 2-sensitive in x, and 1-sensitive in y. Moreover, we elide null sensitivity effects likes 0x +0y.
This fine-grained tracking of the sensitivity of each pair component allows, in turn, deferring the
payment of the pair sensitivity effect to the precise point where the pair is used, i.e. eliminated,
and therefore paying only for what (and how it) is used. For example, if pair e; is used in a context
where only its first component is referred, we pay for sensitivity effect x. Fuzz, in contrast, would
always pay 2x + v.

Let us discuss the benefits that this fine-grained tracking brings to Examples 4.1 and 4.2. Consider
first the program from Example 4.1, more concretely, the variant with additive pairs. The sensitivity
of the then-branch is calculated as 6x from scaling by 3 the (latent) sensitivity effect 2x of the
left component of pair p. Likewise, the sensitivity of the else-branch is calculated also as 6x
from scaling by 2 the sum of (latent) sensitivity effects 2x and x of the respective left and right
component of the pair. As a result, Jazz reports the precise sensitivity of 6x for the whole program.
An analogous fine-grained tracking for the program from Example 4.2 gives also precise sensitivity
2x + 2y.

Precise sums. The use of latent sensitivity effects yields tighter sensitivity bounds also for sums.
However, the handling of sums impose an additional technical challenge related to the impossibility
of delaying sensitivity effects. To illustrate this phenomenon, consider expressions:

eq = 1inl (x *x) es = inr (x * x) eg = if (x < 10) then inl 1 else inr 1

All three expressions are co-sensitive in x. Fuzz sensitivity analysis conflates the three expressions
to the same type, and some Fuzz derivative systems with support for 0-sensitivities such as DFuzz,
derive an unsound type (w.r.t. the embodied sensitivity analysis) for es: x ;0 R - e : R@® R.

X:iwRFes:RAOR XioRFes:ROR X RFe:RAOR
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Jazz derives instead:
x:Rre :R@®R x:Rrte:RO*R x:Rre:ReR

The types of e, and es encode a latent sensitivity effect for each side of the sum. In contrast, the
type of e is not able to represent its co-sensitivity in x as a latent effect because x influences
which injection is used to create the sum itself, not the value inside the injection. Instead, the effect
must be paid for eagerly in the so-called ambient sensitivity effect (which was elided in previous
examples). Therefore type judgments in Jaozz have shape I' + e : 7 ; X, where ¥ represents the
ambient sensitivity effect and I is a “traditional” environment, mapping variables to types. Thus,
expression e is formally typed as:

x:Rre :RO®R ; oox

with ambient sensitivity effect cox. es is typed as x : R e, : R **@® R ; @, i.e., with an empty
ambient sensitivity effect, and analogously for es.

To showcase the benefits of this design, let us re-examine Example 4.4. In Jazz, the type for a is
R “*@* R with ambient effect b.* To compute the sensitivity of the case-expression over a, we
join—by taking the variable-wise maximum—the ambient effect of a, namely b, with the “global”
sensitivity effect of the second branch, namely [b + x/x;]x;—the first branch is dismissed because
it has no ambient effect. To compute the purported sensitivity effect of the second branch, we take
its ambient effect x, and replace every occurrence of the branch binder, also x,, with the effect
b + x of the right component of a, computed as the sum between its ambient effect b and its latent
effect x. This yields an overall sensitivity of b + x = b LI [b + x/x3]x, for the case-expression.

Consider now Example 4.3. The guard x < 10 of the conditional expression has type unit @ unit
with ambient effect cox. Since the branches are constant and have no ambient effect, they do not
contribute to the sensitivity of the conditional. Jazz analysis then concludes that the sensitivity of
the conditional reduces to the ambient sensitivity of the guard, namely cox, recovering soundness
(and precision).

Jazz recovers soundness and precision for all four examples discussed in Section 4.2, as sum-
marized in Table 2. With this observation, we conclude our motivation for the design of the Jazz
sensitivity type system, based on latent contextual effects.

Example 4.5 (Prepayment of effects). We remark that the use of latent contextual effects does not
always yield better precision than eager (Fuzz-like) systems. Consider the following program:

let y,y2 = (let x,x2 =p in (x1,x2)) in y1 + 2

Using latent effects, the subexpression (x1, x;) has type R *'®@*2 R; @. Thus the subexpression
let x1,x2 =p in (x1, x3) has type R ?®” R; @, i.e. it represents a pure expression where the cost
of accessing either of its component is p. The ambient effect of the whole expression is the sum
of the cost of accessing the pair (@), plus the cost of accessing y; (p), plus the cost of accessing y,
(p), yielding effect 2p. In Fuzz, the same program reports sensitivity p, yielding better precision
than Jazz. To recover Fuzz’s precision, Jazz allows effects of products, sums, and functions to be
paid for eagerly, by combining contextual and linear effects: parts of the sensitivity effect of each
component of the product can contribute to the ambient effect of the product. For instance, consider

4 At first sight, one might think that a is co-sensitive in b because a change in b may flip the direction of the returned
injection. However, any change on the value of b necessarily results in an infinite variation since true and false are oo far
apart. Therefore, the induced variation on the value of a is trivially bounded by oo, scaled by 1, turning a 1-sensitive in b.
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Fuzz(*) DFuzz-like TS(**) Jazz
Reported Bound Reported Bound Reported Bound Qual-
Sensitivity Quality Sensitivity Quality Sensitivity ity

Example 4.1 (additive)

8x loose 8x loose 6x tight

Example 4.2 (multiplicative)

2x + 2y tight 4x + 2y loose (in x) 2x + 2y tight
Example 4.3

oox tight 0x unsound oox tight
Example 4.4

oox + b loose (in x) oox + 0b loose (in x) x+b tight

unsound in b

Example 4.5

p tight p tight 2p loose (latent)

P tight (prepay)

(*): sensitivities strictly greater than 0, programs transformed using scaling.

(**): sensitivities can be greater or equal to 0, no scaling allowed.
Table 2. Comparison of sensitivity type-system: Fuzz and DFuzz-like type systems vs Jazz.

environment I' = x : R,y : R. JAzz can produce the following type derivations for expression
e=(x,y):
're:R*®@YR; @ I'te:R®YRyx IF'te3:R*®R;y F'te3:ROIR;x+y

In the first type derivation, the effect of both components are latent, and thus the ambient effect is
empty. In the second (resp. third) type derivation, the latent effect of the type is the ambient effect
of the right (resp. left) component, and the ambient effect of the product is the ambient effect of
the left (resp.right) component. In the last type derivation, the latent effect of the type is empty,
everything is paid upfront, coinciding with Fuzz-like type systems. Going back to the example, if
we prepay the effects of the subexpression (x1, x;) then the product has type R ?®? R; x; + x2. Now
the subexpression let xj,x; = p in (x1, x;) has type R ?®? R;p, because using multiplicative
products we only pay for p proportional to the maximum sensitivity between x; and x5, i.e. (1L 1)p.
The ambient effect of the whole expression is the sum of the cost of accessing the pair (p), plus the
cost of accessing y; and y, (2), yielding the tight ambient effect p.

As a final remark, note that contrary to Fuzz, Jazz does not currently support recursive types;
such functions are required to be primitives, as illustrated in § 8.

The following section presents the formal development of latent contextual effects for sensitivity
typing, and includes a step-by-step type derivation for all four examples.

5 SAX:JAZZ’S SENSITIVITY TYPE SYSTEM, FORMALLY

In this section, we present a core sensitivity sublanguage of Jazz, called Sax, for which we develop
the sensitivity metatheory. In particular, we prove the type soundness property known as sensitivity
metric preservation [49]. The core subset of Jazz that extends Sax with privacy is presented in later
sections.
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reR
beB
X € var
ecsexpri=r|e+e|exe|e<e real numbers
| x| X(x:7).e|ee variables, functions, applications
| tt unit
| inl™ e |inr™ e | case e of {x = e} {x = e} sums
| (e,e)| fste|snde add. products
| (e,e) | let x,x=eine mult. products
| ezt ascription
s €sens = RY, sensitivities
Y esenv = var — sens i=SX + ...+ SX sensitivity environments
T € type :::Rlunitl(x:r)ir
| 2% |t 28>t |t 20> T types
Ietenv = var — type i={x:7,...,x:7} type environments

Fig. 1. Sax: Syntax

5.1 Syntax and Type System

The Sax type system is technically a type-and-effect system [36]. It supports real numbers, functions,
sums and products. As SAx only deals with ambient effects, all metavariables and keywords are
typeset in green.

Syntax. Figure 9 presents the syntax of Sax. Expressions e are mostly standard and include: real
number r, addition e + e, multiplication e * e, comparison e < e, variable x, sensitivity lambda
X(x : 7). e, application e e, unit value tt, sum constructors inl™ e and inr™ e, and the sum
destructor case e of {x = e} {x = e}.

Sax also supports two linear products types: additive and multiplicative. With additive products,
the sensitivity of a pair may be approximated as the max of the sensitivities of each side; this
sensitivity is paid for every projection. With multiplicative products, the sensitivity of a pair may
be approximated as the sum of the sensitivities of each side; this sensitivity is paid for every tuple
pattern match, scaled by the sensitivities of pattern variables in the body. We write additive product
constructions (e, e) and destructions fst e and snd e, and multiplicative product constructions
(e, e) and destructions let x,x = e in e.

Finally, an expression e can be an ascription e :: 7, or a derived expressions such as a boolean
b, a conditional if e then e else e, or a let expression let x = e in e. Booleans are encoded as
true 2 inl tt, false £ inr tt, and B as unit? &2 unit, conditionals as if e; then e, else e; =
case e; of {x = e;} {y = e3}, and let expressions as let x = e; in e; = (X' (x : 71).e2) €.

A sensitivity s is either a non-negative real number or the symbol co, which represents an
unbounded sensitivity; we notate this set RY) = Ry W {co}. A sensitivity environment ¥ is a
mapping from variables to their sensitivities. For convenience, we write sensitivity environments
as first-order polynomials, e.g. > = 1x + 2y corresponds to an environment ¥ such that >(x) = 1
and 2(y) = 2. A type 7 is either the real number type R, the boolean type B, the unit type unit, a

b
function type (x : 7) — 7, a sum type 7 >®” 7, an additive product type 7 *&” 7, or a multiplicative
product type 7 *®” 7. The sensitivity environment annotation ¥ is called the latent contextual
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sensitivity effect (also called latent effect when clear from the context) and represents a delayed
effect that emerges when a term of said type is eliminated. The latent effect > of a function of type

(x:7) 2 corresponds to the effects of applying the function, i.e., a static approximation of the
sensitivity of each variable used in its body. The sensitivity environment 3, (resp. ;) in 7, *1@”? 1,
corresponds to the latent effect of the injected value using inl (resp. inr). And similarly, >; and
¥, in 7 21&* 15 or 1y 2'®™ 1, correspond to the latent effect of accessing the first and second
components of the pair, respectively. Finally, a type environment I is, as usual, a mapping from
variables to types.

Type system. The SAx type system is presented in Figure 2. The judgment I + ¢ : 7 ; X says that
the term e has type 7 and ambient sensitivity effect ~ (or ambient effect when clear from the
context) under type environment I'. The ambient effect > represents an upper bound (conservative
approximation) of the real sensitivity of e after executing the program. The use of a sensitivity
environment ¥ is different from DUET, where sensitivities are tracked in I' and presented as
a necessary condition to type check the expression. In other words, in SAxY is used to infer
sensitivities, whereas in DUET T is used to check sensitivities.

- Rules rLIT and UNIT are standard and report no effect, as no variable is accessed. These two rules
present no novelty with respect to DUET.

- Rule vAR is mostly standard; it reports an ambient effect 1x.
For example,

VAR
(x:R)(x)=R
x:Rrx:R;x

- Rule pLUS computes the resulting ambient effect as the addition of the ambient effects of both
subterms. To add sensitivity environments we use the + operator, which is simply defined as the
addition of polynomials, e.g. (1x + 2y) + (3x) = 4x + 2y.

For example, in the following type derivation

PLUS
x:Rrx:R;x x:Rrx:R;x

x:Rrx+x:R;2x

we write 2x instead of x + x.

Rules TIMES and LEQ are similar to PLUS, but the resulting sensitivity effect is scaled by infinity
because (1) the sensitivity of a multiplication when neither side is a constant is unbounded, and (2)
the distance between distinct boolean values is deemed infinite, as explained in Section 4.2. Scaling
a sensitivity environment > by sensitivity s, written s, produces a new sensitivity environment
in which each sensitivity in X is multiplied by s. For multiplication we assume that 0s = s0 = 0
for all s € RY, and we deem cos = sco = oo for s # 0.

Rules L-scALE and R-scALE address the overapproximation yielded by rule TiMEs when one of
the factors is a real number. For instance, for program 0.5 * x rule L-SCALE reports a (precise)
sensitivity of 0.5x, whereas rules TIMES would report cox.

Rule Lam typechecks sensitivity functions and is novel with respect to DUET. The type of the
function is annotated with a latent effect >, computed as a subset of the effect of its body. On
a fully-latent discipline, the whole body effect is left as latent and the ambient effect >’ of the
function is empty. On the other hand, full eagerness of effects, as in DUET, is achieved when the
latent effect . is empty and the full effect of the body is paid upon construction.
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VAR PLUS

RLIT F(x)=r The :R;3 The:R;3,
'rr:R; @ F'rx:7;x T'rter+ey:R; 21 +2
TIMES L-SCALE R-SCALE
T'te:R; 2 Trey:R;29 e1#r ey £ r T'rte:R; 2 're:R; >
Treixey:R;00(21 +39) F'tr+xe:R;rx Trexr:R;rX
LEQ LAM )
I,x:mkbe:m; 2+ 2

F'kte :R;3 Tre:R;30
TFe<er:B; o002 +32)

s 3
TrA(x:ty).e:(x:1) > 12;%

APP
>
Trer:(x:1) > 1232 Tker ity UNIT
T'rtt:unit; o

Tkeper:[Z2/x]r; 21+ [B2/x]2

INR

INL
Tre:m;2+%

T'rte:r; 2+

TrinlZe:r 202 1y ;% Trinrfe:r 20> 1y ;3

CASE
rl—el:THZ“@leﬁz;Z] I',x:1t11Fex:12; 2 r,y:T12Fe3:T3;23
T+ case e; of {x = ez} {y = e3}:
1+ 21 /x]ez U [B1 + 212/yl7s 5 21 U (21 + 211 /x]22 U ([Z1 + Z12/y]%3))
PAIR PROJ1
FI—€1:T1;21+Z; I‘I—ez:1’z;22+2§ rl—e:flzl&zzrz;z

UNTUP

T+ (er,e2):m M1& 153, UT) Trfste:r S+

PROJ2 TUP
Tre:m H&%2 ;% Thep:r;3+3)

T (e, e2): 1y Z1g% T ;Zi +Z§

. . 4
FI-EQ.TZ,22+ZZ

IF'rsnde:m; X+ 29

T'kFep:m 2”®212 T2 5 21 T, x1:711,x2:T12 F €9 : Ty 5 S1X1 + SoX2 + 2o

I'r let x;,x2 =e; iney: [21 + 211/)(1][21 + 212/XQ]T2 3 (31 |_|52)21 +51211 + 52212 + 29

ASCR
F're:7;2 r< 7’

T'r(e=1):7';3

Fig. 2. Sax: Type system

Since the splitting of > + ¥’ is non-deterministic, a lambda expression can be given many types,
ranging from fully-latent to fully-eager disciplines. We show this behavior later when explaining
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[2/x]z
[Z/x]R =R
[2/x]B =B
[Z/x]unit = unit
B/l 1) 2 m) = (3 [3/x)r) 2 [/
[2/x)(n1 Z1@% 1) = [2/x]ry BIx1Zi@l2/x1% 340
[2/x)(r1 21&% 1) = [3/x]ry /AP &350 [3/x] 1,
[2/x)(n1 *1@% 1) = [2/x]ry BI¥IZ@E/x1% [3/x]0
[2/x]2
C/x]lo =o
[2/x] + sx) = [2/x]2 + s2
[Z/x]E +sy) = [B/x]3 + sy

Fig. 3. Sax: Auxiliary definitions of the static semantics (selected rules)

rules pAIR and TUP. The implementation addresses this issue through the use of additional type
annotations. Without loss of generality, in this paper, we assume the fully-latent derivation for
all lambdas unless stated otherwise. The same applies to other language constructs that exhibit
this kind of non-deterministic prepayment of latent effects.

For example, consider program A (x : R). x + x and its type derivation:

LAM
x:Rrx+x:R;2x

@l—/f(x:R).x+x:(x:R)2—x>R;®

The ambient effect of the program is empty (values are pure) but its latent effect is 2x, the ambient
effect of its body.

Rule app deals with function application. Unlike DUET, as variable x may be free in 7, (e.g. 7> can be
a function type whose latent effect includes x), the resulting type replaces x with the ambient effect
>, of its argument using the sensitivity environment substitution operator defined in Figure 3. For

2
instance, consider type (x : R) — 2 (z:R) TV R, Aftter application, if 2, = 3y, the resulting

type would be [3y/x]((z : R) 2% R) = ((z : R) X% R) = (2 : R) 22 R). The ambient

effect of an application is computed as the ambient effect of the function 1, plus its latent effect;
but as x is free we substitute it by 2,, e.g. if ¥ = X" +s5x, then [Z2/x](Z; + 2/ +5x) = 21 + (2" +52).
This is different from DUET as, where the latent effect of the function ¥ is paid when the function
is created.
For instance, consider the open program (X (x : R). 2 * x + y) (3 * y) and the following type
derivation:

APP

y:Rl—/f(x:R).2*x+y:(x:R)2xi>R;® y:RE3xy:R;3y
y:REA(x:R). 2xx+1y)(3*y):R; 7y

The resulting ambient effect cannot depend on x (otherwise it would be free), therefore it is
computed as the substitution of x by the ambient effect of the argument [3y/x](2x + y) = 7y.
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Contrary to previous work [34, 49] , and in particular DUET, Rule INL does not necessarily report
the effect of its body. The payment of effects for the subexpression (or a subset of it) can be
delayed, and eventually payed only if the sum is accessed or used. The term is tagged with type 7,
to aid type inference. The resulting type is just a sum type where the latent effect of the left type
is 2, a subset of the ambient effect of its subterm, and the latent effect of the right type is empty
(as it will never be used/accessed so we choose the tighter ambient effect). Non-determinism is
addressed similarly to rule LaM. Rule INR is defined similarly.

For instance, consider the type derivations of expressions e; = inl (x * x) and e5 = inr (x * x) of
Section 4.3:

INL INR
x:RF(x*xx):R;ocox x:RFx*x:R;o00ox

orinl® (xxx): R0’ R; 0 o rinr® (xxx):R°0™*R; 0

For expression e4, the latent effect of the left type is cox, and of the right type is empty (it is the
tighter upper bound as the right component cannot be accessed). An analogous argument is used
for es.

Rule casE is more involved. The resulting type of the case is just the least upper bound (join) of
the branch types 7, and 3. The join operator is defined in Figure 4. Note that similarly to rule app,
7, and 73 may have x and y as free variables respectively, thus we replace those variables with
the ambient effects of using the sum term e;: 3; + ¥;; and %; + 2, respectively. The resulting
ambient effect is computed as follows: we join the cost of reducing e;: 2, with the join of the
cost of taking each branch. This is different from DUET, where >; is added to the cost of taking
each branch, leading to a looser bound. Similarly to types 7, and 73, ambient effects >, and >3
may have x and y free, so we substitute them away from the effects. Note that we use the join
between X; and the cost of the branches (instead of the addition for instance), otherwise the
result would be less precise when the branches use x or y.

For instance, the type derivation of Example 4.4 is described below:

CASE
F'te:R“®*R;b Ixi:RFO:R;@ Toxg : R Exy: Ryxo

I+ case e of {x; = 0}{x; = x2} : R; b L (0D + 0(cox)) L (15 + 1(x))

where ' =b:B,x : R,and e = if b then {inl (x = x)} else {inr x}. As Oco = 0, the resulting
ambient effect is b LI (0b + 0(cox)) LI (1b + 1(x)) = b LI (0b + 0x) LI (b + x) = b + x, where previous
work reported co on x.

Notice that if we change the program to case e of {x; = 0}{x, = 1}, then the resulting ambient
effect is b LI (0b + 0(cox)) LI (0b + 0(x)) = b, i.e. the payment is not zero but b, the cost of reducing
expression e to a value.

Example 4.3 is desugared and type checked as follows:

CASE
I'F x <10 : B;ocox Ix;:RFtrue: R; @ I',xy: R+ false : R; @

I'+ case x < 10 of {x; = true}{x, = false} : B; cox LI (0(cox) + 0(@)) LI (0(cox) + 0(2))

where B = unit ?@®? unit. As cox LI (0(cox) + 0(@)) LI (0(cox) + 0(@)) = cox LI 0x = oox, the
expression is co-sensitive in x.

Rules paIr and TUP are novel and non-deterministic: the ambient effects are computed using
subsets of the ambient effect of each component. If the ambient effects of the left component is
%1 + 2 and of the right component is 2, + X/ (for some X1, 2], 2,, 2}), then the latent effects
of using the left component is 2, and for the right component is ;. For additive products, the
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TuUr
RUR=R
BuB=B
unit Uunit =unit
(y:l’l)E}TZU(y T],) > 2’—(y T]I_IT’)—U—Z—)(Tzl_lT)
1 1@ 1y U (7 ' I g, 2’) =(npur ) 1"'216521"'22 (puUT )
71 21&2 1y U (] ’ 21 &% 77) = (1 U 7)) 21U g 22U (7, | 1'2)
T @™ 1 U (zy ) T @2 7)) = (11 U 7)) T @2U%; (, uz,)
Tl
RMR=R
BnB=B
unitMunit =unit
(yifl)iTzl_l(y ) — = =(y: Tll—lfl)ﬂ(Tzl_lT')
e M (ry ' g% g 2’) =(rpNr ) ZiMZ; gy 222, (M )
P& oy (r ’21&Z 7)) = (11 I_IT) 21Nz} g 22N, (rgl‘lr’)
7 1@ 1 M (z ’ T @ 7)) = (11 7)) 21N @M%, (1, M 7;)
>uX
U =0
CH+sx)UE +s'x)=CuUX)+(sus)x x & domE U
SUE +sx)=CEUY) +sx (x ¢ dom(2))
CH+sx)Ux = uUd) +sx (x ¢ dom(2"))
>N
M=
CH+sx)NE +s'x)=CEN2)+(sMs")x x € dom(Z M)
AR +sx)=EnY) (x ¢ dom(2))
C+sx)ny =Eny) (x ¢ dom(2"))

Fig. 4. Sax: Join and Meet of types and sensitivity environments

ambient effect is the maximum between >| and X/, and for multiplicative products, the sum
between >} and X/.

For instance, let us consider examples e; = (2% x +y,0), eo = (0,2 % x + ), and e3 = (x, x + 1)
from Section 4.3. We present next “lazy” type derivations for each of the examples:

PAIR PAIR
F'r2xx+y:R;2x+y T'+r0:R; @ T'+r0:R;@ F'r2xx+y:R;2x+y
TFQ2sxx+7y,0:R¥YV&R; 2 TF(©0,2%x+y):R°&*R; 2
PAIR

I'rx:R;x F'rx+y:Ry;x+y
F'F(,2xx+y):R*&YR; @

whereI' = x : R,y : R.
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Now;, let us consider examples (2x, x) and (2x, x). Here are six possible type derivations of paying
eagerly for effects:

PAIR TUP
T'r2x:R; 2+ 2x I'rx:R;x+@ T'r2x:R; 2+ 2x I'rx:R;x+@
I+ (@2xx):R& R;2x I 2x,x):R® R;2x

PAIR TUP

F'r2x:R;x+x I'rx:R;x+@ 'r2x:R;x+x I'rx:R;x+@
Tk (Q2x,x):R¥& R ;x 'k 2x,x) :R*® R ;x

PAIR TUP

I't2x:R; 2+ 2x 'tx:R;9+x T't2x:R; 2+ 2x I'rx:R;92+x
T'r(2x,x):R&R;2x 'k 2x,x) :R®R;3x

Note that the difference between the two form of products is only present when effects are paid
eagerly for both components.

Rules Proj1 and PROJ2 type check the deconstruction of an additive product. The ambient effect is
computed as the cost of reducing the product (%), plus the cost of accessing either the first or the
second component correspondingly (2; or %5). This differs from DUET where, and conservatively,
the cost of accessing both components are paid when the pair is created. In Sax we only paid for
the component we are accessing.

For instance, let us consider the first projections of last examples:

PROJ1 PROJ1

T@2xx+y,0:R¥*Y&’R; @ T (0,2%xx+1y):R°&*"YR; @

IF'kfst(2xx+y,0):R;2x+y '+ fst(0,2xx+y):R;@
PROJ1

F'F(,2xx+y):R*&YR; @
I'rfst(x,2%xx+y):R;x

Contrary to previous work, the ambient effects of all three projections are different, as they
capture precisely the variables accessed on the corresponding component.

Rule unTUP typechecks the deconstruction of a multiplicative product, and is a little more involved.
To compute the ambient effect we start by paying for 3, the ambient effect of subexpression e;. We
also want to pay 2;; and X5, the cost of accessing the left and the right components respectively,
proportionally to the sensitivity of the left and right variables x; and x; in e, i.e. 51211 + 532 12.
But we also have to pay for >, the ambient effect of e;. We could pay (s; + s2)>1, but that would
be an unnecessary over-approximation. For instance, program let xj,x; = p in x; + x; would
pay twice for p (the ambient effect of e;), even though the whole pair is used only once. Instead
we want to pay proportional to the the maximum sensitivity between x; and x», i.e. (s; LI 53)21.
Finally, the ambient effect of the let expression is (s; LI s2)21 + 51211 + 52212 + 2o.

For instance, let us consider the typing derivation of Example 4.2:

UNTUP
T2*xy):R¥QYR; 0 Ixi :Roxg:REX; +2%x:R;xp + 2%

I'klet x,x =(2#x,y) in x1 + 2% x2 : R 5 1(2x) + 2(y)

where I' = x : R, y : R. The resulting ambient effect is 1(2x) + 2(y) = 2x + 2y.
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IF
BLIT erlngzl T'rey:7;2) T'rey:7;23
T'rb:B;@ D—ifelthenezelsee3:7;21|_|(221_|23)
LET
T'rer:m ;21 I,x:tikey:1; 20

TF'rletx=e; iney: [Z1/x]r2; [Z1/x]22

Fig. 5. Sax: Derived type rules

Now consider ' = p : R ?®? R, and the following typing derivation:
UNTUP
ka:R%bQR;p F,xlzR,xzle—<x1,x2>:Rzl®zzR;23
[+ let x;,xy=p in (x1,x2) : R%®% R ; >
Fyi Ry : Ry +y : R yp +y
Tk lety,y, =(let xp,xp =p in (x,x2)) iny; +y2 1R 3+ 3 + 3

We can typecheck subexpression let x1,x; = p in (x, x3) in different ways. If we do not prepay
effects, then 2; = x1,%; = x3,and 23 = @. Thus 2] = X} = p, and X} = @. Finally the ambient
effect of the program is 2p.
If we prepay the accesses of x; and x,, then 3y = @, %, = @, and 2 = x; + x2. Thus 3| = %) = @,
and >} = (1 U 1)p = p. Finally the ambient effect of the program is p.

- Rules for booleans, conditionals and let expressions are derived rules from sums, case, and
application rules respectively, and can be found in Figure 5.

- Finally, Rule Ascr is the only rule that supports the use of subtyping, and takes the role of checking
whether the subexpression is subtype of a given type.

Subtyping for types and sensitivity environments is presented in Figure 6, and is mostly standard.
We only allow subtyping for the sensitivity parts of types. A sensitivity environment is subtype of

another if their sensitivities are less than or equal than the other for each variable. For instance,

x+y x+2y+3z
(x:R) — R <: (x : R) ——— R because x + y <: x + 2y + 3z (x < x, y < 2y, and 0z < 3z).

5.2 Type Safety

Type safety is established relative to the runtime semantics of Sax. We adopt a big-step semantics
with explicit substitutions. Concretely, we use y + e || v to represent that configuration y + e
—formed by expression e and value environment y mapping variables to values— reduces to value
v after some number of steps. Reducion rules are rather standard and can be found in Appendix B,
Figure 27.

To establish Sax type safety, we employ simple unary logical relations, called the type safety
logical relations, that characterize well-typed, non-stuck execution. This relation is well defined
because it is defined by induction over the structure of types. The type safety result itself is derived
as a corollary of the fundamental property of the type safety logical relations.
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2 <t
A
¥ <Y = Vx. 3(x) < ¥(x)
T<iT
BASE Lﬁl\é o< 3 <7/
7 € {R,unit} h=n : 250
> N ,
T<:T (x:m1) > < (x:7)) — 1
SUM
71 <t ‘['1, 2 <t Z; Ty <: Tz’ 2 <: Zé
S
T1 21 g2 Ty <: TI/ Zi g TZ'
PAIR
1 <t rl' 2 <: Zi Ty <: 1'2’ Yo <: Zé
7
0 & 1y < 7 T &> 24
TUP
71 <t Tl' X<t Zi Ty <t Tz' 2 <: Z;

7

7
T1 %1 @2 Ty <: TI/ Y@ T2/

Fig. 6. Sax: Subtyping

The type safety logical relations is defined in Figure 7. For simplicity, we only present the cases
for real numbers, variables, functions, and sums. The other cases are similar and straightforward.
The unary logical relations are split into mutually recursive value relations V, computation relation
&, and environment relation G, and defined as follows:

- Any value is in Arom[z] if the value type checks to some 7’ <: 7 under an empty type environment.

- A real number is in the value relation at type R if the number is in Atom[R].

- Similarly, a unit value tt is always related at type unit.

- An inl(resp. inr) value is in the value relation at r; ?®? , if the value is in Atom[r; ?®? 1]
and the underlying value v is in the value relation at 7; (resp. 7).

A closure is in the value relation at type (x : ;) — 7 if it satisfies Atom[(x : 71) — 1,],
and given any value v in the value relation at argument type 71, the extended configuration
y[x = v] + e is in the computation relation at type 7, /(x : 7). We use the ./I" operator to remove
variables from a type and is defined as follows:

/T = [@/x1, ..., D/xn]7, Vx; € dom(T)

- A configuration is in the computation relation at type z, if the configuration reduces to some
value v, which is itself in the value relation at type 7.

- Finally, a value environment y is in the environment relation at I' if the domains of y and I are the
same, and for each variable in the domain of y the underlying value y(x) is in the value relation
at type I'(x)/T" (we use the ./T" operator to emphasize that the type is closed).

As usual, the fundamental property of the type safety logical relation states that well-typed open
terms are in the relation closed by an adequate environment y:
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orv:to < r € Atom[R] tt € Atom[unit]
v € Atom|[7] r € V[R] tt € V]unit]
inl% v € Atom[r; ?6° 1] v e V[r] inr v € Atom[[r; ?6° 1] v € V[r]
inl% v € V[r, 202 1] inr® v e V[r 262 ]

(v1,v2) € Atom[r; 2&% 13 v1 € V[r] vy € V][]
(01,02) (S (V[[Tl Q&@ Tz]]

(v1,v2) € Atom[[r; ?®% 1] v1 € V]r] vy € V][]
(v1,v2) € V[ 2@9 7]

(Xx:1.e,y) € Atom[(x : 11) ~> 73] Yo e V[n].ylx o vl ke e &Er/(x: )]

Xx:r.ey) e V[x:r) = 7]

yrelo v e V][] dom(T') = dom(y) Vx € dom(y).y(x) € V[I(x)/T]
yFee&r] y € 6T

Fig. 7. Sax: Type Safety Logical Relations

PROPOSITION 5.1 (FUNDAMENTAL PROPERTY OF THE TYPE SAFETY LOGICAL RELATION).
LetTre:7;3, andy € G[I']. Theny + e € E[r/T].

Type safety for closed terms follows immediately as a corollary:

COROLLARY 5.1 (TYPE SAFETY AND NORMALIZATION OF SAX).
Let+e: 7,0, thent e || v for somev and t’, such that+ v :t';@ and v’ <: 1.

5.3 Type Soundness

This section establishes the type soundness of Sax, stated in terms of a metric preservation result.
Loosely speaking, metric preservation captures the maximum variation of an open term when it is
closed under two different (but related) environments.

Logical relations. To establish this soundness result, we make use of logical relations [4, 6]. In
particular, we define (mutually recursive) logical relations for sensitivity values, computations and
environments; see Figure 8. The logical relations for values (V,[o])) and computations (E,[c])
are indexed by a relational distance d € RZ, and a so called relational distance type o, which is a
regular type where sensitivity environments are enriched with a constant d € RZ, denoting the
distance induced by pair of substitutions. Formally, the syntax of relational distance types is defined
as follows:

S+d
o = R|IBB|unit|(x:0')—+—>cr|crz+d®z+dcr|az+d&z*d6|62+d®z+d0

Notice that the logical relations do not mention sensitivity environments > because they are defined
over closed terms and values. Nevertheless, relational distance types ¢ do mention sensitivity

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: January 2023.



Contextual Linear Types for Differential Privacy—Extended Version with Proofs 29

(r.r2) € Vy[R] &= |1 —ro <d
(v1,v2) € Vy[unit] s v =ttAu = tt
(inl vy, inl vy) € Vy[oy di gyds a2] é (v1,v2) € Vira, [o1]
(inr vy, inr vy) € Vy[oy di gyds o2] é (v1,v2) € Vygiq, [o2]
(11, 012), (021, 022)) € Vo1 D&% 03] == 3d], dy,d = dj LidyA
(©11,021) € Vigpa; [o1] A (v12,022) € Vigyia;[02]
((vi1, v12), (v21,v22)) € Vo1 “@% 03] = 3d}, dy, d = dj +dyA

(V11,v21) € Vg, 4q; [01] A (012, v22) € V107 [02]
(v1,v2) € Vy[(x : o1) AZtex, 2] vd', v, v5, 11, ¥2, (0], v3) € Vg [o1] =
(y1+v1 0], y2 k02 v3) € Egypsesar[d'x(a2)]
Voi,(d <coAyr ke Jv) =
Jua, y2 F ez | va A (v1,02) € Vy[o]
dom(y1) = dom(yz) = dom(T')A

Vx € dom(T). (y1(x), y2(x)) € V) [AT(x))]

(y1+eny2te) € &ylo]

[

(v1,v2) € GA[T]

Fig. 8. Sax: logical relations for metric preservation

environments 3. We use a combination of sensitivity environments and relational distances (~ + d),
because functions types introduce binders that cannot be substituted until application. For instance,

consider type (x : R) X, (R **32g2X+2Y R) and two pair of substitutions for y and z, at distance 2
and 1 respectively, e.g.y1 =y +— L,z land yp = y — 3,z — 2, where |y1(y) — y2(y)| < 2 and

ly1(z) — y2(z)| < 1. The corresponding relational distance type after substitution is (x : R) X2,

(R **3@**** R). For notation simplicity, in the rest of the section we name relational distance
types as types when the acompanying relational distances can be inferred from the context. Also
we omit the environment notations when they are empty. On the other hand, the logical relation
for environments (G [T']) is indexed by a relational distance environment A, mapping variables
to relational distances in R, and a type environment I'. We use (v, v;) € Vo] to denote that
value v, is related to value v, at type o and relational distance d, and likewise for expressions
(i.e. computations) and environments.

To define logical relations we also make use of relational distance instantiations, which have
shape A-(2 + d) and act by replacing free variables in sensitivity environment > with the distances
provided by distance environment A. Relational distance instantiations only close variables defined
in A and are formally defined as:

A2 =0
AE+d)=A3+d
A +sx)=AX+sd ifAx)=d
A-(2 + sx) = A-X + sx otherwise

Furthermore, to close a type under a sensitivity environment we use the relational distance type
instantiation operator A(c) (note that a 7 is also an o assuming that the “default” relational distance
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d is 0) defined below.

AR
A(B

R
B
(unlt =unit

) =

) =

) ’
Az 01) =5 03) = (x : Aor) —— (o)
Si+d; ®Zz+dz 0.2) A(O‘l) A-3+d; @A Do+d, A(Cfg)
) A(O’l) /\-Zl+d1&/\-22+d2 A(O’g)
) = (02)
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A( 1+d1&22+d2 oy
( A(O’l) A~Zl+d1®A-22+d2 A o5

S1+d, ®Zz+dz o5

Now that we have all the prerequisite, we briefly go through the definition of the logical relations
(in Figure 8)°:

- Two real numbers are related at type R and distance d, if and only if the absolute difference
between both numbers is at most d. For instance, (1, 3) € V,[R] and (3, 1) € V,[R], as the logical
relations are reflexive.

- Unit value tt is always related to itself at type unit under any distance.
- Two inl (resp. inr) values are related at o; digd: g, and distance d if the underlying values
are related at type oy (resp. 02) and distance d + d; (resp. d + d,). The intuition is that d can be
treated as the distance between two computations that reduce to the given sums, and d; can be
treated as the distance between the underlying values; thus the total cost is the addition of both
distances. For instance, for any d and o, we have (inl 1,inl 3) € V,[R 2@? o] because they are
at immediate distance zero (both are inl) and latent distance 2; instead of delaying the distance,
one also has (inl 1,inl 3) € V3[R °@? o], i.e. both values are at distance 2 with zero latent
distance between their content.

Two additive (resp. multiplicative) products are related at type oy ' &% o (resp. o1 “®% ;) and

distance d + d| U d; (resp. d + d] + d;), if both first components are related at type o; and distance

d+d; +d], and both second components are related at type o, and distance d +d, +d,. For instance,

((inl 1,4),(inl 3,5)) € V[(R 2@° o) °&! R] are at distance 0 and (inl 1,inl 3) € Y[R ?&° o]

and (4,5) € M [R].

Two sensitivity closures are related if, given related inputs, they produce related computations.

In more detail, first the environments has to be related at some I' and distance environment A.

Note that A has to be the same environment that closes the latent effect of the function A-X + s’x,

and the one that closes the input type (o; = A(7y)). Second, inputs v| and v, have to be related

at argument type o; and any distance d’. Finally, the body of the functions in environments
extended with inputs v| and v, have to be related computations at type d’x(o;) and distance

d + A-3 + sd’. Note that, as the variable x is out of scope after the application, we replace any

instance of x with the distance of the inputs d’, using the distance type instantiation operator.

The new distance at which both computations are now related is computed as the addition of

the distance of the values d, and the closed latent effect d ’x(A Y + sx) = A-2 + sd’. For instance,

2+1x

((Xx:Rx+y)y— 1), Xx:Rx+y)y— 3) € Vyf(x : R) — R], as in this case A = 2y,
> =1y,and A-¥ = 2y-1y = 2.

Two sensitivity configurations are related computations at type ¢ and distance d, noted (y; +
e1,y2 F e3) € Eyfc], when the distance is infinite, or if the first configuration reduces to a value,
then the second configuration also reduces to a value, and these values are related at type o and
distance d.

Sfor simplicity we use “distance” instead of “relational distance”
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- Finally, value environment y; is related to value environment y, at type environment I' and
distance environment A, written (y1, y2) € Ga[[['], if they both map each variable x in the type
environment to values related at their corresponding type (closed with A) and at distance A(x).

Sensitivity Metric Preservation. Armed with these logical relations, we can establish the no-
tion of type soundness, and prove the fundamental property—well-typed terms are related with
themselves—which corresponds to metric preservation [49]. As usual, we state this property ap-
pealing to open terms, where free variables indicate input parameters, which are then closed by
related value environments.

THEOREM 5.2 (SENSITIVITY METRIC PRESERVATION). If ' + ¢ : 7 ; 3, then for any distance
environment A with dom(I') C dom(A) and any pair of value environments (y1, y2) € Ga[I'], it holds
that (y1 F e, y2 F e) € Eas[A(D)].

In other words, if a sensitivity term is well-typed, then for any valid distance environment A (that
“fits” T') and any two value environments y;, y, related at I and A, configurations y; + e,y, F e
represent related computations at type A(7) (closing all free variables) and distance A-3. Note that
since dom(>) € dom(T') C dom(A), we have A-% € RY).

From the above theorem it is easy to derive a corollary that only characterizes closed terms:

CORROLARY 5.2.1 (FP FOR CLOSED SENSITIVITY TERMS). I[f@ Fe: 7 ; O, then(D e, D F e) €
&[]

As a direct consequence of Theorem 5.2 we can also establish the sensitivity type soundness at
base types:

THEOREM 5.3 (SENSITIVITY TYPE SOUNDNESS AT BASE TYPES). If@ F e : (x : R) IR @,
ri—mrl<dovrer  Ur,@rer, | r), then|r] —r)| < sd.

Let us illustrate metric preservation by revisiting some examples. Consider example 4.2:
x:Ry:RFlet x;,x;=(2%x,y) inx; + 2% x5 : R;2x + 2y

If we know that in two different executions x may differ in at most 1, and y in at most 3, i.e.
A = 1x + 3y, then the result will differ in at most A-(2x + 2y) = 1-2 + 3-2 = 8. For instance, if in one
execution x is bound to 0 and y to 4 then the result will be 8. In a second execution, if x is bound to
1 and y to 6 then the result will be 14. Comparing both results we get |8 — 14| = 6 < 8. Finally, in a
third execution, if x is bound to 1 and y to 7 then the result will be 16. Comparing with the first
execution we have |8 — 16| = 8 < 8, and with the second |14 — 16| = 2 < 8.

Now consider example 4.3:

x:R F case (x < 10) {x; = true}{x, = false} : B; cox

In this case if x varies in two different executions (A(x) > 0) then the outcome will differ in at most
A(x)-co = oo. For instance, if in one execution x is bound to 0 the result will be true, and if in a
second execution x is bound to 1, then the result is also going to be true, and true is at distance
zero with respect to itself, and 0 < co. If in a third execution x is bound to 11, then the result will be
false, and false is at distance infinity with respect to true. Now, if we now that x is constant across
multiple executions (A(x) = 0), then we know from metric preservation that the result will differ in
0-c0 = 0, i.e. the result will be constant.

6 DESIGN OF JAZZ’S PRIVACY TYPE SYSTEM

In this section, we review the limitations of prior approaches related to the tracking of privacy, and
then discuss how they are addressed by Jazz. In this section, we color expressions and metavariables
red as they pertain to the privacy fragment of Jazz.
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6.1 Privacy Closures

Consider a family of looping combinators parameterized by the number of loop iterations n, e.g.,
where loop; x f = f (f (f x)). In Fuzz, loop,, would have the type ¢ — (r — Or) —,, Or. In this
type, regular arrows — mean no sensitivity is tracked for the argument. The linear arrow —o,,
means the result is n-sensitive (where n is the number of loop iterations) in the closure variables of
the supplied function of type (r — O7). This allows for instantiating loop with a closure capturing
a sensitive variable, like db. So loop,, 0 (Ax. x + laplace. db) will give ne differential privacy for
db by scaling e—the privacy cost of closure variable db—by the loop iteration n. When supporting
advanced variants of differential privacy like (e, §), a different metric must be chosen to recover
this kind of scaling; otherwise this argument only holds for pure e-differential privacy.

In DUET, in order to support (¢, §)-differential privacy (and disallow problematic scaling), privacy
closures immediately report unbounded privacy (co) for any captured variables in privacy lambdas.
The principle of loop’s type above is justified in DUET, but not via a scaling argument, and instead
via a primitive type rule—it cannot be expressed as a type. This is problematic for two reasons:
first, it is not possible to extend DUET’s implementation with new looping primitives by adding
terms with axiomatically justified types, leading to a bloated set of core typing rules, and second, it
is not possible to lambda abstract looping combinators, e.g., to chain or compose them in helper
functions.

To see the root cause for the limitation in DUET, we show the type rules for looping (advanced
composition) and function introduction (from [46]):

DUET: Loor (ADVANCED COMPOSITION)

DuUET: PrivacY-FUN-I (1-ARY)
IiFe:tT -|r2|—€’5 Xl They:T

,.X'Ie,(s T1kFe:1n
10 +| L%V 2nln 57.0'+nd || loopg/ e {x=>e}:1 FAXG ). e:r1@(e, 8) = 1,

In the rule for advanced composition shown above (left), e; is the initial value for the looping state
of type 7, and e, is the loop body which updates the looping state 7 — 7 and may mention closure
variables in I),. Parameter ' is a meta-parameter for the advanced composition formula—this
parameter is unique to looping in (e, §)-differential privacy. The notation I3[ ® means there
must exist some privacy cost € and § which upper-bounds any individual cost for each of these
closure variables. The privacy cost of the whole loop is calculated based on this upper bound
for closure variables with the formula 2e+/2n1n(1/6’), 8" + nd. An attempt to turn loop into a
primitive (or abstract over loop, e.g., eta-expand via lambda abstraction) fails because privacy
types in DUET do not track privacy effects for closure variables; instead, they are just thrown away.
In the rule for function introduction shown above (right), the function type 7;@(¢, ) —* rz isa
probabilistic function from elements in 7; to elements in 7, which satisfies (e, §)-differential privacy
in its argument. Notice the closure environment I above the line which is bumped to co in |T'[*
below the line. This has the effect of tossing out privacy bounds for anything with non-zero privacy
inT, ie. any closure variables that are used in the function’s definition. Privacy is only tracked for
the function parameter x (or possibly multiple parameters; privacy functions in DUET are n-ary).

A deeper limitation in DUET is that the iterated 1-ary function space does not generalize to
support encoding n-ary functions (i.e., currification is not supported). For this reason, n-ary func-
tions are primitive in DUET. Implementing n-ary from 1-ary functions is computationally pos-
sible in DUET, but results in discarding bounds on privacy effects. For example, the DUET term
X(x: 7). return (X' (y: ). f(x,y)) in a context where f : (1;@(e1, 61), 2@(€2, 82)) —* 73 has
type (11@00) —* (,@(€2, §2)) —* 713, i.e., the privacy bounds (e1, 6;) for the first argument 7; get
discarded due to the DUET: PRivacy-Fun-I rule.

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: January 2023.



Contextual Linear Types for Differential Privacy—Extended Version with Proofs 33

Privacy Closures in Jazz. In Jazz, both privacy and sensitivity effects are delayed and attached
to type-level connectives, including for privacy functions. Whereas in DUET privacy functions

are written (1 @py, . . ., Tn@p,) —o* 7, privacy functions in Jazz are written simply (x : 7;) 3 T
where Y. is a latent contextual effect that can mention x. A type can now be given to loop (a named
constant, analogous to the loop primitive from DUET) in Jazz, and abstracting over loop is possible
due to the function introduction rule, also shown below.

Jazz: Privacy-Fun-1I

' I N Lxinbe:n:[3]
loopi T (T

T) T
where €',6"” = 2e\/2nIn(1/6"), 5" + nd TrX(eired). e:(x:rd) —»0;0

N-ary functions are now recoverable from 1-ary ones using latent contextual effects in closures.
The relational distance d defaults to 1 when omitted. The encoding of lambda-abstracted gauss
then follows the usual approach of nested lambda abstractions, but with sensitivity lambdas on the
outside with a single privacy lambda on the inside. A 3-ary abstraction of the Gaussian mechanism
applied to the sum of three arguments is as follows:
A (x:R1). X(y: R1). X(z:R1).
desired privacy

i (e,8)xLi(e,d)yLi(e,d)z
gauss a €S (x+y+2):(x:R1)— (y:R1) - (z:R1)

sensitivity sum of (x + y + z)

Notice here that the latent contextual effect is computed using a syntactic join operator (e, §)x LI
(€, O)yU(e, §)z, which computes the pointwise maximum, instead of the sum ((¢, §)x +(¢, §)y +(€, )z).
One of the novelties of Jazz is that we can reason about two executions where more than one
input is at relational distance greater than 0. In particular, if x, y and z are at relational distance
1, i.e. the argument of gauss 3 € J is at relational distance 3, then using addition would yield an
over-approximated latent privacy of (3¢, 36), while using the join, we obtain a latent privacy of

(e, 6) as desired.

Abstracting Privacy Mechanisms. Even with support for privacy closures, there are still challenges
in supporting lambda abstraction around privacy mechanisms in full generality. In Fuzz, the
type assigned to the family of Laplace differential privacy mechanisms parameterized by e is
laplace, : R —, OR for achieved privacy e. This mechanism does not need a dedicated type
rule in the core calculus—it can be axiomatized as a primitive with the right type—and lambda-
abstracting this primitive is natural via eta-expansion A(x : R). laplace, x resulting in the same
type and guarantee for privacy. However this approach does not support (e, §)-differential privacy
directly. Fuzz€® shows how to extend Fuzz to recover (e, §)-differential privacy, by using graded
comonadic liftings, and path construction. In particular, the type assigned to the family of Gaussian
differential privacy mechanisms parametrized by ¢ and § is gauss . 5 : [R] — O(e,5)R, where
[R] is R but with the metric rounded up to the nearest integer. In DUET, in order to support
(€, O)-differential privacy, the Gaussian mechanism requires its own typing rule, shown below.
Furthermore, a use of the mechanism looks like gaussz s € where the argument e is a term in the
sensitivity language with sensitivity bounded by s. Using privacy closures as described above, we
can write X (x : R). gauss 1 € § x, however note that we have lost the ability to be parametric in
s—it must be fixed to 1. This assumption that gauss will be called only with a 1-sensitive argument
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is enforced in the function application rule in DUET, also shown below.

DuEeT: GAUSS DUET: Privacy-Fun-E
ml—e:R I ke :n1@(€,8) <" 1 }—62:1’1
-|F|—e’(S F gaussi’é‘ e:R -|1"1 |—oo + ]1"2 |—E’(S el e

In the rule for gauss (left) it allows an argument of any sensitivity s, however the privacy function
application rule (right) restricts that arguments must have sensitivity equal to 1. Restricting gauss
to only 1-distance arguments can be overly restrictive (e.g., gauss 2 € § (x + x)), and relaxing the
restriction on function application to an arbitrary s # 1 in DUET would be unsound.

In Jazz, we extend function introduction to include an explicit bound on the sensitivity of
the parameter, and enforce this restriction in the application rule. Function introduction syntax
introduces the bound, and allows us to eta-expand the Gaussian mechanism with relational distance
d as a parameter, as shown below. The bound d for the lambda argument is then enforced in
function application as the upper bound of argument relational distance, instead of being fixed
to 1 as in DUET. Now the use of a variable—like x in the body of eta-expanded gauss below—is
not always considered 1-sensitive. To communicate non-zero sensitivities to variables in the type
system, an environment of relational distances on lambda arguments must be threaded through the
type system, which we notate A. After extending this A to remember that x has relational distance
d in Jazz lambda abstraction, gauss s € § x will see x as d distant inside the lambda body. To do
this, we allow lambda-abstracting gauss (including the distance parameter d, via singleton types),
and extend the structure of typing for sensitivity and privacy terms respectively as follows:

)Ls(d:R[af])./lp(x:).gausse(Sx F;@ Fe:T;> F;@ Fe:r; X

6.2 Sensitivity Binding in Privacy Contexts

Jazz improves on prior systems by supporting let-binding intermediate sensitivity computations
within the privacy language, while also supporting (e, §)-differential privacy. Fuzz and DFuzz
encode let-binding through function application, which scales the sensitivity of the right-hand-side
of the let with the sensitivity of the let-variable in the body. So let y = 2% x in 3 * y is 6-sensitive
in x because the right-hand-side is 2-sensitive, and this is scaled by 3, the sensitivity of y in the
body. However, monadic return and bind in Fuzz can also be used to encode let-binding, e.g.,
X « return e; ; e; instead of let x = e; in e,. Unfortunately, this encoding of let using return
and monadic bind does not preserve typeability in Fuzz; instead it destroys the sensitivity/privacy
analysis of the right-hand-side, bumping its privacy cost unnecessarily to co. For this reason, let
statements are encoded exclusively through function application in Fuzz, and not through monadic
return/bind.

In Fuzz, let-binding a sensitivity computation (the pure fragment) inside a privacy computation
(the monadic fragment)—via encoding through function application—is supported seamlessly
without the addition of extra rules. This flexibility can be extended to advanced privacy variants
as shown by de Amorim et al. [29]. In DUET, however, the privacy/monadic fragment of Fuzz is
pulled out into its own language with explicit typing rules; the primary reason to do this is to place
restrictions on function application in order to support advanced privacy variants, as described in
the previous subsection. This leaves the need for either an explicit typing rule for let-binding inside
the privacy language, or an escape hatch so that privacy analysis is not destroyed for let-binding in
privacy contexts a la Fuzz. DUET solves this issue by introducing a boxed type which delays the
payment of a sensitivity term at the point it is “boxed”, and pays for it later when it is “unboxed”.
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This avoids the issue but is unfriendly to program with: every let-binding requires an explicit box,
and every use of a let-bound variable requires an explicit unbox. So instead of writing the program
below on the left, DUET programmers are forced to write the program on the right.

let y = expensive x in lety = (expensive x) in
loop 100 initial (¥'(i : 7). body y i) loop 100 initial (X' (i : 7). body (unbox | y) i)

In this program it is essential to let-bind the expensive result, since inlining it would unnecessarily
duplicate the computation, and many real programs in differential privacy require support for this
pattern [46].

In Jazz, we recover the expressiveness that box types provide, while eliminating the need for
the programmer to explicitly introduce and eliminate them. In this way, our design can also be
seen as a powerful box-inference capability, although we do not demonstrate explicit embeddings
between a core language with box types. To recover the expressiveness of boxes without requiring
the programmer to write them down, we add new information to typing judgments that has the
effect of automatically boxing let-bound variables in privacy contexts, and unboxing them at their
use. The added information extends typing judgments with a new component © that tracks the
sensitivities of all let-bound variables w.r.t. the sensitivities of all lambda-bound variables. All
sensitivity contexts that mention both let-bound and lambda-bound variables are then reduced
using ® as needed to contexts that only mention lambda-bound variables. ® can be seen as a matrix,
and the reduction of contexts to only lambda-bound variables is then just matrix multiplication—a
beautiful coincidence for a linear type system. The final form of type judgments for the sensitivity
and privacy type systems are then:

T';A;Pre:7; 2 T';A;Pre:7; 2

Although the prototype implementation adopts the typing rules with ®, and because the manipula-
tion of @ is more tedious than insightful, we omit it in the following technical presentation.

7 JAZZ’S DIFFERENTIAL PRIVACY TYPE SYSTEM, FORMALLY

In this section, we present a core subset of Jazz, dubbed A;. 4; is an extension of Sax with support for
reasoning about differential privacy. Similarly to Sax, we prove the type safety and type soundness
property of A;. We discuss how to bridge the gap between Aj and Jazz in Section 8. Note that our
formalism is fixed to (e, §)-differential privacy, but our design can be instantiated to other forms of
advanced differential privacy disciplines as illustrated in Section 8.

7.1 Syntax and Type System

Ay is divided in two mutually embedded sublanguages: the sensitivity sublanguage —an extension
of Sax— used to reason about the sensitivity of computations, and the privacy sublanguage used to
reason about differential privacy. Thus, the type system of A; contains two mutually embedded
type systems, one for each of the sublanguages. Expressions of the sensitivity sublanguage remain
typeset in green and expressions of the privacy sublanguage are typeset in red.

Syntax. Figure 9 presents the syntax of Aj. Expressions of the language are divided into two
mutually embedded expressions: sensitivity expressions e and privacy expressions e. Sensitivity
expressions are defined the same way as in SAx, except that functions are split into sensitivity
lambdas X (x : 7-d). e and privacy lambdas X (x : 7-d). e. Note that the only difference between a
sensitivity lambda and a privacy lambda is that the body of a privacy lambda is a privacy expression
e. Also, both sensitivity lambdas and privacy lambdas are parametrized by a relational distance d
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eesexpr i= ... | X(x:rd). e | X(x:7:d). e sensitivity expressions

e€pexpri=returne|x:7 « e;elee return, bind, applications
| if e then e else e | case e of {x = e} {y = e} conditionals, case
| letx=eine let

pepriv = (R®,R%) privacies

Yepenv = @|px|X+X|ZUuX|XInNX privacy environments

T €type = ..|(x:7-d) Z, | (x:7d) 5» T types

Fetenv = var —type:={x:7,...,x:7} type environments

Fig. 9. A): Syntax

which represents an upper bound on distance between inputs pertained to the binary relational
property of differential privacy: the maximum argument variation for each of two executions.

A privacy expression e can be a point distribution return e, a sequential composition x : 7«

e ; e, an application e e, a conditional if e then e else e, a case expression case ¢ of {x =
e} {y=e},oraletlet x =¢ ine.

A privacy cost p = (¢,6) is a pair of two (possibly-infinite) real numbers, where the first
component corresponds to the epsilon, and the second to the delta in (¢, §)-differential privacy.
We use notation p.€ and p.d to extract € and § respectively. A privacy environment X is either
an empty environment @, a pair px representing that variable x has privacy cost p, the addition
2 + X of two privacy environments, the join ~ LI X of two privacy environments, and the meet
2 1 X of two privacy environments. Similarly to sensitivity environments, we also write privacy
environments as first-order polynomials when possible. For instance p;x + p,x can be written as
(p1 + p2)x, but p1x + (p2x U psy) cannot be rewritten as a polynomial without losing precision.

b

Function types are now divided into sensitivity function types (x : 7-d) — 7, and privacy function
px

types (x : 7:d) —» 7.

Sensitivity type system. The type system for the sensitivity sublanguage is presented in Figure 10.
The judgment I' ; A + e : 7 ; ¥ now includes a novel relational distance environment A. The rela-
tional distance environment A stores how much each variable in I' can vary in every two executions
of a program. Most of the rules are straightforward extensions of the type system of Sax to include
relational distance environments. We only present interesting cases.

Some of the rules use the sensitivity environment substitution operator [>/x]r. We extend the
definition of SAx to support privacy functions as shown in Figure 11. Substitution on privacy
function types depends on the definition of sensitivity environment substitution on privacy envi-
ronments [2/x]X. [¥/x]X is defined inductively on the structure of Z, where the only interesting
case is when I = px. Substitution [2/x]px is defined using the lift operator: 12 [?. Intuitively, if
we wiggle ® x on px, then the privacy obtained is at most p (no scaling, and zero if x does not
change). After substitution, as x depends on all variables on %, if we wiggle all variables in ¥ at
the same time, then the privacy obtained should still be p (scaling p would be an over approxi-
mation). Because of this, |2[? is defined as the join px; U ... L px,, where x; € dom(2). If all x;
wiggle, then the privacy obtained would be at most p. But as any %(x;) can be zero (it means that

®We show how to wiggle variables on privacy environment with the relational distance instantiation operator, later on
Section 7.3.
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S-LAM
VAR
T(x) =7 Ix:tp;A+dxre:mp; 2
S 2
F;A+dxrFx:7;5x T;AFA(x:r1d).e:(x:11d) > 122
P-LAM
I'x:y;A+dxre:m; L
b
T;A+ X (x:md).e:(x:t:d) =» 10 ;@
S-APP

b
F;AFer:(x:1:d) > 1352 T;ArFey:1;2 Ay <d
T;AFerex: [Zo/x]re; 21+ [22/x]2

S-CASE
T';A ke 2“@212 T12 ; 21
Ix:m1; A+ (A(Zl + 211)))( Fey:To; 2o F,y tT12 5 A+ (A(Zl + 212))y Fes:T3; 23

I;Arcasee of {x > e} {y=e3}:
[Z1+ 211 /x]n U3 + 212/ylr3 5 2 U (21 + 211 /x]22) U([Z1 + Z12/y]23)

UNTUP
T';ArFep:m Z“®212 T12 3 21
Iox1:mi,x0 112 3 A+ (A(Z] + 211)))(1 + (A(Zl + 212))){2 kep : To 5 S1X1 + SaX2 + 2o

I AFlet xp,xz =ep inex: [31+ 211/x1][Z1 + Z1a/x2]12 5 (51 U s2)21 + 51211 + 52212 + 22

Fig. 10. Aj: Type system of the sensitivity sublanguage (extract)

variable x; is not used), we multiply each p in px;, by 12(x;)[*, to remove those variables from the

resulting privacy environment. ]s[*" along other lift operators used by Near et al. [46] are defined

in Figure 11. For instance, suppose that x depends on 2y + 0z, then [(2y + 0z)/x]px is computed as
12y + 0z[? = py LI 0z = py.
We now turn to describe the main changes of each type rule with respect to Sax.

- Rule VAR now requires variable x to be present in the relational distance environment A. This way,
if A Fe:r;3, we can compute how much the result of evaluating e can change if we wiggle
input x, by multiplying A(x) by >(x). For instance, consider program x + x and the following type
derivations

VAR PLUS

(x:R)(x)=R D D
x:R;3xFx:R;x x:R;3xFx+x:R;2x

Then we know that (1) x can change at most by 3, and (2) the expression is 2-sensitive in x,
therefore the result can change at most by 6.

- Rule s-LaM type checks sensitivity functions. As the body of the lambda has x as a free variable, the
relational distance environment A is extended with distance d obtained from the type annotation
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=Z/x]r

P4 . ' [Z/x]Z’
B/ : rrd) = ) = @ : [B/x]nd) —— [3/x]z

[Z/x]Z
C/x]lo =2
[2/x](px) = 12[?
[2/x](py) = py
[2/x](Z1 + L2) = ([(B/x]Z1) + ([Z/x]L2)
[(Z/x](Z1 U X2) = ([Z/x]Z1) U ([Z/x]Z2)
[Z/x](Z1 M Xo) = ([Z/x]Z1) N ([2/x]Z2)

== U opx

xedom()
1s[¥ =’ s>0
12[* = o

1=+ sx[¥ =125 + 15[ x
1=+ 0x[% = 12% + 0x

pl? =p’

1o/ =2

Tpx[P = p[?'x
1(0,0)x[* = (0, 0)x

P #(0,0)

120+ L[ = 124 + 122
12U T =15 [ U]z
12 ™ =15 Nz [®

Fig. 11. Aj: Auxiliary definitions of the static semantics

on the argument. For example, consider program A (x : R-2). x + x and its type derivation:
S-LAM
x:R;2xFx+x:R;2x

@;@I—/f(x:R-Z).x+x:(x:R~2)2—x>R;®

The program is a sensitivity lambda that takes as argument a real with an allowed variation of at
most 2, and has a latent contextual effect of 2x.

- Rule r-1aM is defined analogously to s-LaMm, except that its body is a privacy term, therefore it is
type checked using the privacy type system, explained later.

- Rule s-arp deals with sensitivity applications. Note that from the type of the function we know
that d is an upper bound on the allowed argument variation, therefore we require that the dot
product between the relational distance environment and the sensitivity effect of the argument be
less or equal than d. Intuitively, as A represents how much the input can change, and > represent
the sensitivity of variables used in the argument, A->, represents how much the argument
can change. For example, consider program X' (y : R-1). (X (x : R-2). x + x)(y + y) and its type
derivation:
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S-LAM
S-APP

YRy (e R2). x+%): (x:R2) SR
y:R1y H2=*y): R;2y (1y-2y) <2

y:Rilyr (A(x:R2). x+x)2*y):R; 4y

20 Xy :R1). (F(x:R2. x+0(2+y): (y:R) S R; 0

The outermost lambda allows a maximum variation of 1 in its argument y. The inner lambda
allows a maximum variation of 2 on its argument, and its being applied to 2 * y. As 2 * y is
2-sensitive on y and y can wiggle at most by 1, then we know that the argument is going to
wiggle at most by 2, which matches the maximum permitted argument variation. If the argument
were 3 * y, then the program would not type check as the argument of the application could
wiggle at most by 1 %3 = 3.

Rule s-cask type checks subterms ¢, and e; by extending the relational distance environment
with a sound bound for x and y respectively. For x (resp. y) we use the dot product between the
relational distance on all variables in scope A, and the cost of using e;: the cost 2; of reducing
the expression, plus the latent cost of using its subterm X; (resp. 2;2). For example, consider the
type derivation of Example 4.4 given e.g. relational distance environment x + 2b:

CASE
Cix+2bFe:R*R; b
F,xlzR;x+2b+F0:R;® F,xzzR;x+2b+l—x2:R;xg

;x4 2b+F case e of {x; = 0H{x; = x} :R;b+x

The relational distance for x; on the first branch is computed as the dot product between the
maximum distance of all variables in scope, x + 2b, and the cost of using e if it were an inl
expression, i.e. ((x + 2b)-(cox + b)) = co. Analogously, the bound for x; on the second branch is
computed as ((x + 2b)-(x + b)) = 3.

In Rule UNTUP, as expression e; has in scope new variables x; and x,, the relational distance
environment A is extended accordingly. The relational distance for x; is computed as the dot
product between the relational distance environment A and the cost 3 + >; of accessing the
first component (we proceed similarly with x;). For instance, consider the type derivation of
Example 4.2 given some arbitrary relational distance environment 2x + 3y

UNTUP
T2x+3yr 2+x,y):R¥*QYR; 2

F,xlsR,xZ:R;2x+3y+I—x1+2*x2:R;x1+2x2

Ii2x+3y - let x,x, = (2% x,y) inx; + 2% x : R; 2x 4+ 2y

The relational distance for x; is computed as the dot product between the relational distance of
all variables in scope 2x + 3y and the effect of using the left component of the pair 2x + 0y, i.e.
(2x + 3y)-(2x + 0y) = 4. Similarly, the bound of x, is computed as (2x + 3y)-(y + 0x) = 3

Subtyping is extended accordingly and presented in Figure 12. Parameterized relational distances

on function types are contravariant, and subtyping for privacy function types relies on the definition
of subtyping for privacy environment also defined in Figure 12, where - is an operator to close
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T<!T
S-LAM P-LAM
Tl/ <11 d <:d > <y Ty <: TZ' rl’ < d <:d Y <y T <: Tz/
3 3 x pag
(ximped) > 1 <t (x:r)d) > 1, (x:impd) > 1 < (x:7{d)—> 1,
<X

VA, dom(Z) C dom(A).A-Z < AL/
r<: ¥

Fig. 12. Aj: Subtyping

privacy environments defined below:

A =0
As(Zy + Zp) = (A-Xy) + (A-X2)
A(Zy U o) = (A-Zy) U (AX2)
A(Zy ML) = (A-Zy) M (AL2)
Apx =p if A(x) is defined

Privacy type system. The type system of the privacy part of the language is presented in Figure 13.
The judgment I' ; A + e : 7 ; X says that privacy term e has type 7 and ambient privacy effect
under type environment I', and relational distance environment A.

- Rule RETURN uses the type system of the sensitivity language to type check its subexpression e.
Operationally, return constructs a point-distribution, and any sensitive variables in the subex-
pression e will have their privacy violated, i.e., privacy cost co. Notice that co corresponds to the
pair (e, §) = (00, o). The resulting ambient privacy effect is computed by lifting to infinity the
ambient effect of the subexpression as well as all free variable in e. The operator that lift to co
free variables is written FP® and defined in Figure 13. As we pay infinity for every free variable
in e, we remove those variables from the reported type 7 using the sensitivity environment
substitution operator defined in Figure 11. For instance, consider the following type derivation,

RETURN

s 2x
Liy+z+- A(x:R1). 2x+y:(x:R~1)i>R;®

T;y+z+Freturn X (x :R-1). 2x +y: (x : R-1) 2, R; coy

The resulting type and effect environment is computed by paying in advance for the free variables
in scope: the type [@/y](2x + y) = 2x is computed by erasing the free variables, and the effect
environment coy is computed by lifting the free variables to infinity.

Rule BIND type checks both subexpressions using the type system for the privacy language as
they are privacy expressions. To type check e, we extend type environment with variable x,
therefore the relational distance environment A is also extended. We extend A with 0x as the value
bound to x is no longer considered sensitive—it has been declassified and can be used without
restriction. Finally, as x is out of scope we remove it from 7, and from the resulting ambient
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RETURN BIND
T';Are:T;32 X = FV(e) U dom(>1) F';Avrer:m 2 Ix:1 ; A+0xtey:1p; 2o
I';AFreturne: [@/x]r; FP®(X) IT;Arx:1y —eqr;ep: [@/x]ry; 21 + [@/x]Z2

IF
T;Are:B;> I';Abkey:T; 2o I';Ares:r;Xs

T'; A+ if e; then ey else e3:r;'|21|'°°+(22u}:3)

P-CASE
T';AFep:m 2“69212 Ti2 5 21
F,x 1T11 A+ (A(Zl + 211))){ Fez:Ty; ):2 F,y 1T12 A+ (A(Zl + 212))y Fe3:713; ):5

T;AF case e of {x > ez} {y=e3}:
(B11/x]r2 U [Z12/yles s 120 L ([Z11/x]Z2 U [B12/y]Z3)
P-APP
z
F;AI-€1Z(x:T1~d)—»T2;Z1 T';Abey:ty; 2 AYy <d
A Ferex: [So/x]ry; 1317 + [Z2/x]2

FP® (@) = @
FP*(x, y) = FP®(x) + ooy

Fig. 13. Aj: Type system of the privacy sublanguage

privacy effect. For instance, consider the type derivation of program y : R « laplace_ x ; z :
R « laplace_, x;return y + z, similar to the example presented in Section 6.2, given an arbitrary
relational distance environment x.

BIND

T;x+ Iaplaceelx :R; (e1,0)x
BIND

Iy :R;x+0yr laplace, x : R ; (2, 0)x
Iy:R;x+0y+0zFreturny+z:R; (c0,0)y + (c0,0)z

Ly:R;x+0y+rz:R« laplace, x;return y +z : R ; (e, 0)x + (o0, 0)y

I'sxry:R« laplaceelx ;2R « laplaceEZx; return y +z: R ; (e; + €,0)x

Each laplace call has an effect environment of (e, 0)x and (e, 0)x respectively. The return
subexpression lifts to infinite the privacy of variables y and z, but to typecheck the innermost bind
expression the privacy on z is dropped: (€3, 0)x + (o0, 0)y. Then to typecheck the outermost bind
expression, now the privacy on y is dropped getting a final effect environment of (¢1, 0)x+ (e, 0)x =
(e1 + €, 0)x.

- Rule p-cask is similar to rule s-case. Here we lift the ambient sensitivity effect of the sum
expression to infinity, i.e., we pay infinity for all non-zero-sensitive variables used in e;. For
the additional cost of each branch, we compute the join between the cost of each branch by
substituting each binder by their appropriated cost: [>;/x]X, for the first branch, and [>1,/y]X3
for the second. Note that we do not use [>; + 21/x]X, and [2; + 21,/x]X3 as we do in rule
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S-CASE, because we are already lifting to infinity (or paying for) every cost associated with >;.
For example, consider the following type derivation

P-CASE
Tix+2ykx:RYSPR;x Lo :Rix+2y+3x Fep: R pex +pyy + poxy
Loxp :Ryx+2y+x; b es: Riplx +pyy+ psxz

[;x+2y+ case x of {x; = ey} {x» > e3}:
R 7™ U (pxx + pyy + 1y[**) I_IQD;x+p;y+ 12[%)

Note that the variation bound of x; is computed as (x + 2y)-(x + y) = 3, and that of x, as
(x+2y)-(x) = 1. As |x[* = oox, |y[P? = pyy, and |@[P* = @, then the resulting effect environment
is cox L (pxX + (py + p2)y) U (X + pyy) = cox L ((py + p2) U py))y.

- Rule r-aPp uses the sensitivity type system to typecheck both subterms. The first subterm has to
be typed as a privacy function. Just as s-aPp, it checks that the sensitivity cost of the argument is
bounded by d by computing the dot operation A->, between relational distance environment
A and sensitivity environment >,. The resulting ambient privacy effect is computed as the lift
to infinite of the ambient sensitivity effect of e;, plus the latent contextual effect of the privacy
function, where we substitute >, by x. Similarly to rule s-App, rule p-app also enforces that the
relational distance of the argument is bounded by d, i.e. A-3, < d. For instance, consider the
following type derivation:

P-APP

. pryupex
I';yrifythene; elsee;: (x:R4)—» Ry F;yr2x=y:R;2y 2<4

[;yr (if y then e; else es}) 2+ y) : R Ty[™ + (pry L 12y[P?)

The resulting effect environment is computed as coy + [2y/x](p1y LI pox) = coy + pyy LI 12y[P2 =
ooy + (p1 U p2)y, which is equivalent to coy. If y does not wiggle, then the ambient privacy effect
will be zero. If the relational distance environment for y were 3, then this program would be
ill-typed since 3y-2y £ 4.

7.2 Aj: Type Safety

Type safety is defined in the same line of Section 5.2. To establish type safety of the privacy language,
we define a non-deterministic sampling big-step semantics of privacy expressions; see Figure 14.
We naturally extend the type safety logical relations of Figure 8 to support for both sensitivity and
privacy lambdas, and privacy expressions as shown in Figure 15. The fundamental property of the
type safety logical relation is defined similarly to Proposition 5.2, but now accounting for relational
distance environments and expressions:

PROPOSITION 7.1 (FUNDAMENTAL PROPERTY OF THE TYPE SAFETY LOGICAL RELATION).

(a) LetT;Are:7;5, andy € GT]. Theny + e € E[r/T].
(b) LetT;Are:1;X,andy € G[I']. Theny + e € E[[z/T].

Finally type safety for closed terms is just a corollary of the fundamental property above:

COROLLARY 7.1 (TYPE SAFETY AND NORMALIZATION OF 2j).

(a) Let+e:7;0, thente || v, andt+ v : t/;@, wheret’ <: 7.
(b) Letre:7;0, thente | v,andv+ v : 7'; @, wheret’ <: 1.
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RETURN BIND GAUSS
yrelo yrer v yIx—ovi]lrey | v reR
yFreturne | v yrx:t«—e;;er | v ykgausspozﬂr

IF-TRUE IF-FALSE
y Fep | true yrexl v y + e || false yresl|us
y Fif e; then ey else e3 || vy y Fif e; then ey else es3 || v3
CASE-LEFT CASE-RIGHT
yrelinlo ylx—olrey | vy yrelinro ylx—ov]lres | vs
yrcaseeof {x > ey} {x =>e3} | v yFcase e of {x = ex} {x > e3} | v3
APP
yreil Xx:rs. ey’ yre o Yixe—olre o
Yreie o

Fig. 14. Non-deterministic sampling semantics for privacy expressions

X x:1-d ey) € Atom[(x : r1-d") = 7] Vo € V[r].y[x = vl tFe€ &r/(x:n)]
Xx:r-d.ey)eV[x:r-d) R 7]

(X x:1-dey) € Atom[(x : 71-d) z, 7] Yo e V[n]ylx—vlree&r/(x: )

X x:n-dey) e V[x:-d =, 7]

Vo,yrellv = veV[r]

y Fee &[]

Fig. 15. Aj: Type Safety Logical Relation (selected rules)

7.3 Soundness of A;: Metric Preservation

This section establishes the soundness of Aj, named metric preservation. Metric preservation for A;
extends the notion of metric preservation of Sax. In addition to reasoning about sensitivity terms,
given a privacy term with free variables, we can reason about the achieved privacy level when
closing the privacy term under different (but related) environments.

Contrary to SAx, we establish soundness for Aj using a step-indexed logical relation [3]. Although
Ay is a strongly-normalizing language, step indexing is still required to prove the bind case of the
fundamental property of the logical relation.

Probabilistic Semantics. A first step to define the soundness property of 4; is to endow privacy
expressions with a probabilistic semantics. An important observation here is that even though to
match their traditional (theoretical) presentation, we have introduced the Laplacian and Gaussian
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Fig. 16. Probabilistic semantics of privacy expressions (selected rules)

mechanisms as sampling from the (uncountable) set of real numbers, for the formal account of the
language we consider discrete versions thereof over the set of integers [22]. This discretization is
not only a natural but also a necessary requirement for any implementation of the language (on
“finite” computers), since it is well-known that the naive use of finite-precision approximations
may result in fatal privacy breaches [43]. (However, for the sake of uniformity, in the rest of the
presentation we refer to these mechanisms—at the type level—as operating over the set of real
numbers.) Therefore, privacy expressions in Ay sample values only from discrete distributions and
can be interpreted as discrete distributions over values.

The probabilistic semantics of a privacy expression e is formally defined in Figure 16. Judgment
y + e ¥ D denotes that privacy expression e reduces to distribution D within k steps; the
probability that the privacy configuration y + e reduces to value v is then computed as D(v). We
encode discrete distributions D as probability mass functions (PMF), i.e. a discrete distribution over
A is modeled as an element of the set D(A) = {f: A — [0,1] | X ea f(a) = 1}

Let us briefly explain the set of rules in Figure 16. For simplicity, we omit the underlying step
indices. The probabilistic semantics of return e assigns probability 1 to the (necessarily unique)
value to which expression e reduces. The probabilistic semantics of a bind y : 7; < e; ; e, operates
as follows: To compute the probability that it assigns to x, it ranges over the set of values in
the support of D; denoted as Sup(D,), i.e. the set of values v such that D;(v) > 0, and for each
v; € Sup(Dy) it sums the product between the probability that e; reduces to v; with the probability
that e, reduces to x in an extended environment where y is bound to v;. The discrete Gauss
distribution with mean y and scale o assigns probability proportional to e ™ ’/2a" 1o each integer
x. The probabilistic semantics of a privacy application is defined as the probabilistic semantics of
the body of the resulting privacy closure, in an extended environment where the closure formal
argument is bound to the value of the real argument. Finally, the probabilistic semantics of a case
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Fig. 17. Aj: logical relations for metric preservation

term is simply the probabilistic semantics of the corresponding branch in an extended environment
with the corresponding association for the branch binder variable.

We consider a step-indexed semantics to establish the language metatheory. In particular, the
metric preservation theorem is proved by induction on the step index of the logical relation. However,
step indices might not interact very well with the bind rule: when reducing y : 7; < e; ; e, , the
reduction of e, requires a possibly different number of steps (k;) for each value (v;) to which e;
reduces. This set of steps could in principle be unbounded, making max; k; undefined and thus
rendering the semantics partial. However, this is not an issue for our technical development because
all formal results are concerned with programs that reach the distribution of final values within a
finite number of steps, only.

For convenience throughout this section, we also introduce D(S) to denote the probability of
observing S in D, computed as Y, .5 D(v). Also we define Pr[@ + e |F v] as D(v)if @ - e ||F" D for
some k’ < k (undefined otherwise).

Logical relation. The logical relations for sensitivity computations, privacy computations, values,
and environments are mutually recursive and presented in Figure 17.
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Note that each logical relation is also indexed by a relational distance type that now accounts for
sensitivity and privacy lambdas:

Gz...|(x:0'~d)ﬂ>o|(x:0-s)£»o

T=..]p

Note that similarly to sensitivity environments, privacy environments X are also extended to
include partially instantiated data, for instance px + p’. Notation (v, v3) € (V; [o] indicates that
value v, is related to v, at type o and distance d for k steps.

The sensitivity parts of the logical relations are defined analogously to Figure 8 with the addition
of a step index k. We only present relevant changes:

- Two sensitivity closures are also related if, given related inputs, they produce related computations.
Specifically, first the environments have to be related for any step j < k. Second, inputs v| and
v, have to be related at distance d”’ not greater than d, and for j steps. Finally, the bodies of the
functions in extended environments have to be related computations for j steps.

- Similarly to sensitivity closures, two privacy closures are related if they produce related computa-
tions when applied to related inputs. The computations are related at privacy 1d[~ + (A + d"'x)-X.
Note that we lift d to infinite because we cannot record relational distances as a privacy result. In
addition to that, we also pay the latent contextual effect of the function instantiated to d"'x, i.e.
(A+d"x)L.

Two sensitivity configurations are related computations at type o and distance d for k steps,
noted (y; e, y2 - e3) € 85 [o], when for any j < k, if the first configuration reduces in j steps to
a value, then the second configuration also reduces to a value in any number of steps, and these
values are related for the remaining k — j steps at type o and distance d. We write y + ¢ ||* v to say
that the configuration y + e reduces to value v in k steps.

We now turn to the definition of related privacy computations. Notation (y; + ey, y2 F €2) € 81; [o]
indicates that two privacy configurations are related computations at type o and privacy p = (¢, )
for k steps. Two privacy configurations are related when, for any j < k, if the first privacy
configuration reduces in j steps to a distribution, then the second configuration also reduces to a
distribution in any number of steps, and the probability of observing S in the fist distribution is no
greater than e€ times the probability of observing S in the second distribution, plus .

Metric Preservation. Armed with these logical relations, we can establish the notion of type
soundness for 4y, and prove the fundamental property.

THEOREM 7.2 (METRIC PRESERVATION).
()T, Avre:7;2=>Vk >0,YN CAV(y,y2) € QIA‘,[[F]].()Q FeysFe)e Sk,z[[A’(T)ﬂ
(@)T,Are:7;Z=VYk>0YN EAVY(yLy) € GLIT.(ri Feyake) € EF [A()]

where A" T A & dom(A") = dom(A) A Vx € dom(A’), N'(x) < A(x). The theorem says
that if a sensitivity term (resp. privacy term) is well-typed, then for any number of steps k, valid
relational distance environment A’ (not greater than A) and value environments (y1, y2), the two
configurations are related computations at distance type A’(r) (closing all free sensitivity or privacy
variables), and at relational distance A’-Y (resp. A’-X). Note that as dom(X) C dom(A’) = dom(\)
and dom(X) € dom(A’) = dom(A), then A’-> € R® and A"-X € priv.

To prove the fundamental property, we rely on the following three lemmas which connect types,
sensitivity and privacy environments from the type system, with distances and privacy costs from
the logical relations:

LEMMA 7.3. IfA-Y = d and x ¢ dom(2) U dom(A), then A-([2/x]2") = (A + dx)-%’
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LEMMA 7.4. IfA-3 = d and x ¢ dom(2) U dom(A), then A«([2/x]LZ") = (A + dx)-X’

LEMMA 7.5. Let A-3 = d and x ¢ dom(2) U dom(A), then A([2/x]7) = dx(A(r))
We can also derive from the fundamental property some corollaries about closed terms.

COROLLARY 7.6 (FP FOR CLOSED SENSITIVITY TERMS). If@;@ F e : 1 ; @, then
Vk>0,(@Fe@Fe) e EF[r]

CoROLLARY 7.7 (FP FOR CLOSED PRIVACY TERMS). If@;@ + e : 1 ; @, then
Vk>0,(@reore) el [r]

In addition to sensitivity type soundness at base types (Prop 5.3), from the fundamental property
we can now establish privacy type soundness at base types:
8
THEOREM 7.8 (PRIvACY TYPE SOUNDNESS AT BASE TYPES). If@ F e : (x : R-1) (6—)x>-> R; o,
|ri—r| <L Vr,P{orery [T r] <ePlorer, | r]+46

Finally, we observe that our technical development relies on the specific variant of differential
privacy considered in restricted places: the bind case of the soundness theorem (Theorem C.17);
the definition of subtyping for privacy costs, specially the base case (Figure 23); operations over
privacies p, such as dot product, addition, meet, join, lifting (Figures 25 and 26); monotonicity of
meet and join of privacies w.r.t subtyping (Lemmas C.7 and C.8); monotonicity of dot product
w.r.t. privacy ordering (Lemma C.13); distributivity of dot product w.r.t. substitution (Lemma 7.4);
weakening of related private computations (Lemma C.10). The remaining definitions and lemmas
are independent and could be reused as such in order to adapt this work to deal with other variants
of differential privacy.

8 FROM A, TO JAZZ

The full prototype implementation of Jazz includes several extensions to the core language A;, and
address the non-determinism of multiplicative and additive products by using type annotations.

Type Polymorphism. Jazz implements System F (universal quantification over well-kinded types)
and parametric polymorphism over all compound types, including vector/matrix schemas, allowing
all data objects and functions in the language to be fully generic. This feature requires the use of
type-level quantifiers and application.

Value Dependency. Jazz supports type-level dependency on values through singleton types—an
approach we borrow directly from DFuzz [34]. This allows differentially private algorithms to be
verified with respect to privacy parameters which are not fixed, and instead are function arguments.

More specifically, singleton types [33] are a technique for supporting limited forms of value
dependency which builds on standard (System-F-style) polymorphic type system features and an
enriched kind system. In a type system with native support for dependent types, a dependent
function with a real-valued argument is written (x : R) — 7 where the return type 7 can use x to
refer symbolically to the eventual runtime value of x. In a singleton type encoding of dependent
types, the same function is written x : R[X] — 7, where the return type 7 can use X to refer
symbolically to the eventual runtime value of x. In essence, there is still a syntactic split between
term-level variables (x) and type-level variables (x), and the type declaration (x : R[x]) links them,
so X is the type-level proxy for the term-level variable x.
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Let-binding Sensitivity Terms in Privacy Contexts. As described in Section 6.2 we implement
latent sensitivity via local bindings in the privacy language. We implement this feature using an
environment @ to delay the “payments” of a value’s sensitivity, which fulfills the same role as the
boxed type introduced by Near et al. [46]. Unlike boxed types, this feature requires no additional
annotations—sensitivity is inferred automatically. The complete type systems that includes ® are
presented in Appendix A, Figures 19 and 20.

Context Polymorphism. When implementing flexible primitives in Jazz, it becomes convenient to
abstract over latent contextual effects. We label this form of abstraction as context polymorphism.
This form of polymorphism in our language is what enables us to give a single generalized type to
the primitives gauss and seqloop (a looping combinator that uses sequential composition, further
discussed in Section 9.2). Because Jazz implements quantification over latent contextual effects, it
is possible to afford privacy in type signatures to closed-over variables involved in the differentially
private computation. This feature requires the use of type-level quantifiers, application, substitution
and annotations for context schemas. A context schema is an angle bracket enclosed list of variables.
Angle bracket context schemas in Jazz denote the set of variables that we care about preserving
privacy for, and are used in the introduction forms for sums, pairs, and functions, as well as in
type-level application. For example, gauss <x> (x + y * y) is 1-sensitive in x, and bumps y to
infinity privacy. This demonstrates the use of context polymorphism to indicate which variables
we care about preserving privacy for. The use of seqloop in Section 9 provides another example of
context polymorphism in action. Note that context-polymorphic functions in Jazz are required to
be primitives.

Variants of Differential Privacy. In addition to (e, §)-differential privacy, JAzz supports zero-
concentrated differential privacy [21] and Rényi differential privacy [44], and has built-in constructs
for mixing the variants. Each variant has different privacy parameters and rules for composition,
but all of them follow the same basic pattern as (e, §)-differential privacy. For example, we can
give the Gaussian mechanism the following types for Rényi differential privacy (RDP; privacy
parameters « and €) and zero-concentrated differential privacy (zCDP; privacy parameter p):

gass ¥ (d: R) (@ R) (€ R). (d: R[d]) > (¢ : Rla]) — (e : R[€]) = (x : Rd) oldrare@.Ox
gauss :V (d:R) (p: R). (d: R[d]) — (p : R[p]) — (x : R-d) Sldrprpx o

Since RDP and zCDP guarantees can be converted to (e, §) guarantees, Jazz provides constructs
for converting between variants. For example, the following code uses the Gaussian mechanism
twice, each time satisfying (20, 0.25)-RDP. By sequential composition, the total cost is (20, 0.5)-RDP.
The program then converts this guarantee to (e, §)-differential privacy, using § = 107°.

X (x+1). RENYI[S = 107°]{ r; « gauss 1 20 0.25 x;
rp «— gauss 2 20 0.25 (x +x); : (x:R-1)
return (ry +ry) }

(1.08,107°)x
_—

Jazz automatically finds the privacy cost of this function, in (¢, §)-differential privacy, by performing
the appropriate conversion. The ability to mix privacy variants in JAzz makes it easy to frame
the privacy guarantee of any program in terms of (¢, §) privacy cost, allowing privacy costs to be
directly compared. In addition, it enables embedding iterative RDP and zCDP algorithms inside of
(€, ) programs, allowing these programs to take advantage of the improved composition properties
RDP and zCDP provide. This approach—leveraging recent variants for composition, but reporting
privacy costs in terms of € and —is extremely common in recent work on differentially private
machine learning [2]. We make extensive use of variant-mixing in our case studies, described next.
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9 IMPLEMENTATION & CASE STUDIES

Jazz enables programmers to implement and verify largely the same set of applications as DUET, but
Jazz empowers the programmer to construct these applications in simpler ways, e.g., via composition
of reusable library functions. This is possible because Jazz gives types to many privacy functions
and looping combinators that required custom typing rules in DUET. Our case studies demonstrate
that instead of encoding these applications as a single monolithic function, Jazz enables their
implementation through composition of multiple helper functions, and their verification without
the use of custom typing rules.

In particular, we highlight two important features of Jazz that enable refactoring programs to
reuse library functions:

e Jazz gives types to privacy primitives and looping combinators that are not typeable in DUET,
enabling privacy functions to be parameterized by these components (see Section 9.2).
e JazZ’s privacy functions allow sensitivity arguments with arbitrary sensitivity bounds, en-
abling code reuse in more places than DUET’s sensitivity-1 privacy functions (see Section 9.3).
In addition, we select realistic algorithms previously verified using other systems, to demonstrate
that Jazz maintains the capabilities of previous work.

A summary of our case study programs appears in Table 3. We present two new representative
case study algorithms we have implemented and verified using Jazz: the MWEM algorithm [38]
for a workload of linear queries, and a recently proposed algorithm for differentially private deep
learning with adaptive clipping [53]. In both case studies, privacy mechanisms (e.g. laplace and
exponential) and looping constructs (e.g. aloop—advanced composition) can be expressed with
regular functions, provided in a library of primitives. We mark these two case studies with a *
in Table 3, and describe them in detail later in this section. The other case study programs are
available in our source code repository.

9.1 Implementation

We have implemented a prototype of the Jazz typechecker in Haskell, and used it to verify the case
studies from Table 3. The prototype implementation is available on GitHub’. Table 3 lists the time
needed to typecheck each of the case studies; our typechecker takes just a few milliseconds for
each one.

Type inference & annotations. Our prototype implements type inference for both Sax and Jazz.
Type annotations for sensitivity and privacy are required for inputs at top-level functions and
lambda-expressions, but no additional annotations are required for function outputs or elsewhere
in the program. The case studies described later in this section have been typeset for readability, but
are otherwise identical to the input for our prototype; in particular, the actual examples typechecked
by our prototype have the same annotations as the examples in this section, except for the input
sensitivity annotations on inputs to top-level functions. The types given for primitives in this
section are also drawn directly from our implementation.

Constraint solving. As described earlier, and detailed in Section 10, prior work has made extensive
use of SMT solvers for the equations over real expressions which arise in type inference for
sensitivity. Because SMT solvers are incomplete for non-linear operations (like the logarithms and
square roots used in advanced composition), our implementation does not follow the same path.

Instead, we implement a custom solver for inequalities over symbolic real expressions, based
on the solver from DUET [46]. Our custom solver is based on a simple decidable (but incomplete)
theory; it supports logarithms, square roots, and polynomial formulas over real numbers. The

"https://github.com/uvm-plaid/contextual-duet/
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Typecheck
Technique Ref. Privacy Concept Time
Machine Learning Algorithms
Noisy Gradient Descent [18]  Composition 4.1 ms
Gradient Descent w/ Output Perturbation [56]  Parallel comp. (sens.) 4.2 ms
Noisy Frank-Wolfe [52] Exponential mechanism 5.9 ms
Variations on Gradient Descent
Minibatching [18]  Privacy amplification 5.5 ms
Parallel-composition minibatching — Parallel composition 5.9 ms
Gradient clipping [2] Sensitivity bounds 4.5 ms
Adaptive gradient clipping”* (§9.3) [53] Advanced variants 5.6 ms
Preprocessing & Deployment
Hyperparameter tuning [23] Exponential mechanism 6.9 ms
Adaptive clipping — Sparse Vector Technique 7.7 ms
Z-Score normalization [1] Composition 6.9 ms

Algorithms for Linear Queries
Multiplicative Weights (MWEM)* (§9.2) [38] Exponential mechanism 5.2 ms

Table 3. List of case studies included with the JAzz implementation. Case studies marked with a * are described
in detail in this section.

solver is transparent to the programmer, and produces readable output expressions for the privacy
costs in our case studies.

9.2 MWEM

The MWEM algorithm [38] generates differentially private synthetic data approximating the target
sensitive data by iteratively optimizing the accuracy of a set of workload queries on the synthetic
data. In each iteration, the algorithm uses the exponential mechanism to pick a query from the
workload for which the synthetic data produces an inaccurate result, uses the Laplace mechanism to
run that query on the real data, and uses the result to update the synthetic data via the multiplicative
weights update rule. The Jazz program shown below implements the MWEM algorithm. Its inputs
are a sensitive dataset X over a domain D, a workload Q of linear queries, the number of iterations to
be performed k, the privacy parameter ¢, initial synthetic data Y; (n times the uniform distribution
over D), and the dimensions of the input data set (matrix) m rows by n columns. The algorithm
performs k iterations, invoking laplace and exponential in each iteration. The privacy parameter
for each invocation is €/2k, yielding a total privacy cost of €. We omit the sensitivity annotations
on the function’s inputs for readability.

MWEM £ Xn. Xk. Xe. XX. X Q. X1loop. X' Y.
loop k Yy <X> (X' A;_4.
qiIndex « exponential (e / 2+ k) Q X (X X'. X ¢'. |q’ Ai1 —q" X']);
let q; = matrixIndex Q (index N[0]) g;Index in
m;  laplace 1 (€ / (2 %K) (q; X);
return mmap-row X A;_; (X x.
mScale x (exp (q: x * (m; — qi As1 | 2+ n))
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The Jazz typechecker produces the following type for this implementation, indicating that the
algorithm satisfies e-differential privacy. Note the homogenous matrix type notation used here
is M[m, n] © where m denotes the number of rows, n the number of columns, and 7 the type of
each entry. <X> is the context schema argument for type-application of loop, and indicates the
program variable we want to preserve privacy for in this expression.

iterations  relational distance
1

~ R — —1 r
MWEM :V (m:N) (A:N) (k:N) (d:R") (6 :R"). (n:N[a]) — (k:N[k]) = (d : RT[d])

linear queries

columns

desired privacy sensitive data ;
I 1

— - |
— (e :RT[€]) — (X : M[r, 4] D)-d) — (Q : List ((xs : M[1,4]) — N)) — (Y, : M[rn, ] D)

privacy effect

initial synthetic db

looping combidator N 1 synthetic db
r—oon+k+e+Q+Yy)+ (60X —
— (T100p) " X R M[m, n] R )
where 7150p = V (k : N) (d : RT) (€ : R*) (§ : R*) (¢’ : RT) (6" : R*) (T : cxt).

(k :N[IE]) - X rd) - (f:(x: r-d ﬁ)i» 7))

co(k+d+f)+(&, 8T
e
On an average of 10 runs, it takes the Jazz typechecker 5.2ms to produce this type for the MWEM
algorithm.

Beyond DUET. This example demonstrates Jazz’s ability to define algorithms in terms of library
functions, and to parameterize algorithms by the choice of component pieces. In this case, we
define MWEM in terms of a generic looping privacy combinator loop; the caller of MWEM can specify
looping combinators based on sequential composition, advanced composition, or even a custom
combinator. Jazz similarly allows functions like MWEM to be parameterized by the choice of basic
mechanism (e.g. laplace vs. gauss) with the appropriate privacy function type. In both cases, the
relevant functions can be pulled from libraries or defined by the programmer.

This kind of modularity is impossible in DUET. Functions cannot be parameterized by basic
privacy mechanisms or looping combinators, because it is not possible to write their types in DUET.

Primitives used. This case study demonstrates the composition of a complex iterative algorithm
from basic privacy mechanisms encoded as Jazz primitives (e.g. laplace and exponential) and
privacy combinators (e.g. seqloop, which implements looping with sequential composition for
privacy). These primitives with types shown above would require explicit typing rules in the core
DuET language. In Jazz, they can be given regular types, as shown below:

relational distance desired privacy
—— 1 r——

exponential : V (72 : N) (A : N) (d : R*) (6 : R*) (T : ext) (r : %). (d: R*[d]) — (e : R*[€])
i . scoring function
mnear queries sensitive data T 1

— I(Q :List (s : M[1, 2]) = N))I — I(X : (List T).(j)' S (f:(x:T) d(x+T) R)

privacy effect

co(d +€+0+¢)+(E0)(X +T)

seqloop : V (k : N) (d : R*) (€ : R*) (6 : R*) (T : ext). (k : N[/&]) — (d:R*[d]) — (e : R*[&])

(8 R*[8]) — (X : (List R)-d) — (f : (x : List R-d 225 List B)

oo(k+d+e+5+f)+(ké kST
st R
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To typecheck MWEM, the privacy closure rule in Jazz creates a function type for the X" which has a
privacy effect for the body of - because of the two uses of mechanisms which give ;7 differential
privacy. If we pass seqloop as the looping combinator 1oop, then this privacy effect is multiplied by

Sre 5 ke
the loop iteration number k as a result of the type of seqloop : N[k] — 7 — (7 l» T) L» T

and the type rule for privacy function application. Finally, the new let rule for the Jazz privacy
fragment which tracks latent contextual sensitivities is used in the let-binding for g; to precompute
an intermediate value which is used multiple times, without the need for explicit boxing.

9.3 Differentially Private Deep Learning with Adaptive Clipping

The current state-of-the-art in differentially private machine learning is noisy gradient descent [2]:
at each iteration of training, compute the gradient, clip the gradient to have bounded L2 norm, and
add noise in proportion to the clipping parameter. The clipping parameter is typically treated as a
hyperparameter, set by the analyst before training.

0s,(€,8)x
gauss : (s : sens) = (x : R's) ———» R

zeros(n) = mcreate;o, 1 n (X i. X' j. 0.0) DPAL(X. y, k,y. €,6,87) =

X R let C° = MAXNUM in
DPMean : V (€ : R) (6 : R). (e : R[€]) = (6 : R[6]) 1let 6y = zeros (cols X) in
— (s : sens) — (x : (M[rm, A] D)-s) aloop 8’ k 6, <X,y> (X (6%,C).
s (e.0)x (M[1, ] R) = let gs = (gradients 6* X y) in
mgauss € § (mean x) gp < DPMean € & (mclip C* gs);
) . let d = (0" - g,) in
clipUpdate(C". d. . gs. €,6) = C" « clipUpdate C* d y gs € 6;
f < DPMean € § ([ja<ct 95); return (d, C""))
return C* — (8 —y)

Recent work by Thakkar et al. [53] proposed an algorithm for adaptively determining the clipping
parameter during training, by adaptively improving the clipping parameter based on a differentially
private estimate of the percentage of gradients clipped in each iteration.

In each iteration, the implementation computes the gradients for a batch of examples gs, clips
each gradient using the current parameter C’, and uses the Gaussian mechanism to compute a
differentially private average gradient g,. Then, the algorithm updates the clipping parameter for
the next iteration C'’ using clipUpdate, which computes a noisy count /3 of the number of gradients
in gs that are clipped under the clipping parameter C’ and uses the count to update the parameter.
The inputs to the algorithm are the training data X, the training labels y, the number of iterations
k, and the target percentage of gradients remaining un-clipped y. €, §, and ¢’ are the privacy cost
parameters. We omit the sensitivity annotations on top-level function inputs for readability. The
Jazz typechecker typechecks DPAL in 5.6ms (averaged over 10 runs).

Beyond DUET. In this case study, we implement a library function for the differentially private
average (DPMean) and use it in two places. This refactoring is not possible in DUET, because DUET’s
privacy functions require all sensitive arguments to have a sensitivity of 1. In this algorithm, one
of the uses of DPMean in fact has data-dependent sensitivity (the sensitivity of mclip C gs is C?).

Practical implementations of algorithms like this one often rely on libraries of differentially
private functions like DPMean (e.g. the Opacus library for differentially private deep learning [57],
or the OpenDP library for differentially private analytics [35]). By lifting the limitations of DUET’s
privacy functions, Jazz makes it possible to implement and use such libraries.
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Primitives used. This algorithm demonstrates the use of privacy combinators (e.g. aloop) that
can be specified as primitives in Jazz but require special typing rules in DUET:

S relaxation iterations initial value
I 1 ) 1 1

aloop:V e:R*,§: R, 8 :RY,s: RV, T : ext. (8" : R¥[8']) — (k : N) — (init : 7)
loop body  total privacy cost of the loop

1 T 1
(e,8)T (e',k§ +68)r
> M:(x:7 7)) T

where €’ £ 2e(+/2k(log(1/57)))

This type for aloop encodes the advanced composition theorem (introduced in Section 2). Our
advanced composition combinator runs an (e, §)-differentially private function (M) representing
the body of the loop k times, for a total privacy cost of (26( 2k(log(1/6"))), k6 + 5') (a significant
improvement over the sequential composition cost of (ke, k9)).

Our version of the adaptive clipping gradient descent algorithm uses advanced composition and
(€, 6)-differential privacy, to demonstrate the encoding of aloop as a regular function in Jazz. Our
source code repository contains an alternative implementation that uses zero-concentrated differ-
ential privacy for improved composition, and converts the privacy guarantee to (¢, §)-differential
privacy at the end of the algorithm.

10 RELATED WORK

Verification techniques based on type systems. There are two threads of prior work in type-system-
based verification of differential privacy for high-level programs: those based in linear types, and
those based on relational refinement types. Reed and Pierce [49] proposed Fuzz, the first type
system for differential privacy based on linear typing; its fundamental components are a linear
type system with an indexed “scaling” modality ! for tracking the sensitivity of programs and
a monadic connective O to model randomized computations. An s-sensitive function is encoded
in Fuzz as a linear function with scaled domain !¢A — B and often notated A —; B. An e-
differential privacy mechanism is represented as an e-sensitive function with monadic return
type as in A —. OB. DFuzz [34] extends Fuzz with dependent types to encode sensitivity and
privacy bounds that depend on the values of function arguments. This allows e.g. reasoning about
the privacy of iterative algorithms whose privacy cost depend on the number of iterations. Fuzz
and DFuzz can be characterized by strong support for higher-order programming and potential
for automation via type inference. They support pure differential privacy but approximate and
any other recent variants of differential privacy fall out of their scope due to nonlinear scaling.
Several recently-proposed approaches allow a Fuzz-like analysis for (e, §)-differentially private
programs: Azevedo de Amorim et al. [29] leverage a path construction and a Fuzz-like type system.
Fuzzi1 [59] integrates a Fuzz-like type system with an expressive program logic. Fuzz1 directly
connects (automated) type-based proofs of composition for sensitivity and privacy properties with
(manual) APRHL proofs for basic constructs like sequential composition and the Laplace mechanism.
In our approach, on the other hand, properties of basic mechanisms must be axiomatized. The Fuzz1
system targets imperative programs, and does not provide support for higher-order programming
with privacy functions. Finally DUET [46] proposes a two-language design with linear types for
tracking sensitivity and privacy; crucial restrictions in the typing rules of the privacy language allow
encoding advanced differential privacy variants such as approximate, Rényi, zero-concentrated
and truncated-concentrated differential privacy. In DUET privacy functions are n-ary and written
(n@ps, ..., 1n@pp) —* 1 for privacy quantities p; such as (€;, ;) in the case of approximate
differential privacy.
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System  Sens. Function Sens. Typing  Priv. Function Priv. Typing
(D)Fuzz 1) —o5 1y Tre:r 71 =0 OTy Tre:oOr
2 Os'dxum [ Dn(xe, %) <5 (g . {x =7 | Dpy(xaq, %) <1} M
) h e . 1 ®Fe:I
HOARE® o | Dayes o) < 5 CET Sy n v = v )] ¢ Me s17]
DUET 7T —o5 T Tre:r (r@p,...,t@p) ©o*7 Tre:r
b b
Jazz (x:71)—> 1 Tre:7;2 (x:7)—>7 Tre:7;2

Table 4. How each system —(D)Fuzz, HOARE?, DUET and JAzz (this paper)—(1) encodes function sensitivity
in types, (2) structures typing judgments for function sensitivity, (3) encodes differential privacy in types, and
(4) structures typing judgments for differential privacy.

Unlike previous works based on linear type systems, HOARE? [14] uses relational refinement
types to encode arbitrary relational properties of programs, including differential privacy. In
HOARE?, an s-sensitive function type is written I1s". {x == 71 | Dy (xa, %) < s’} = {y = 1o |
D, (Y«, yo) < ss’} where D, is a type-indexed distance metric, and x and x, are explicit symbolic
representation of the “left” and “right” execution of the program in support of encoding relational
properties. To account for probabilistic private computations, HOARE? uses an indexed monad
Mt 5[7]: the type of an (e, §)-differentially private function is written {x :: 71 | D, (x4, %) < 1} —
Me s[{y = 72 | y« = y }]. A limitation of this encoding is that a function of two arguments which
provides different privacy bounds for each argument (as described in Section 3.3) will report a
summed, global privacy bound, because the tracking of privacy occurs in a single global index
to the privacy monad i, s. Because privacy is proved as a relational property, rather than as a
sensitivity/Lipschitz continuity property, HOARE? is also capable of placing relational distance
bounds on arguments to functions. Regarding the implementation, both HOARE? and Jazz use
dependent types to capture sizes. Regarding typechecking, even though some automation has
been achieved [24], the automation relies heavily on what is achievable with SMT solvers, and
has limited application to programs which make generous use of compositional or higher-order
programming techniques, or metric-distance relationships between values at non-base types. SMT
solvers are not complete for non-linear operations, which are common in complex differential
privacy mechanisms. Consider, for example, the expression for privacy cost under advanced
composition: €’ = ke(e€ — 1) + €4/2k In(1/5”); SMT solvers are not capable of proving universally
quantified qualities between equations like these, which limits their ability to automate reasoning
about privacy cost.

It is important to note that all of these type systems support some form of recursion. Adding
any form of recursion in the formalism of Jazz would make the technical development even more
complicated. We just focused on a small core that could illustrate the main novelties of the latent
or contextual approach.

To conclude the overview about type-system-based verification techniques, we refer the reader
to Table 4, comparing different aspects of the reviewed type systems.

Techniques based on couplings and program logics. Approximate couplings [12] are a probabilistic
abstraction that witnesses differential privacy properties of programs and have been successfully
exploited for verification purposes. The relational Hoare logic APRHL [16] and its successors
APRHL" [15] and spaN-APRHL [50] internalize the compositional construction of such couplings
and capture from pure and approximate differential privacy to more recent variants such as
Rényi, zero-concentrated and truncated-concentrated differential privacy. While compared to other
methods these program logics are rather expressive going beyond the composition of (a set of
predefined) basic mechanisms, derivations in the logics involve complex quantitative reasoning,
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not always amenable to automation. Even though there has been a successful report on partial
automation [11], e.g. the synthesis of (quantitative relational) loop invariants for iterative algorithms
remains challenging. To synthesise couplings, Albarghouthi and Hsu [5] use an alternative approach
based on constraint solving which is highly amenable to automation; the approach is however
confined to e-DP. Finally, to verify programs that achieve (e, §)-DP composing basic mechanisms,
Barthe et al. [13] use a customised program product construction and traditional (non-relational
and non-probabilistic) Hoare logic augmented with mechanism-specific rules. In recent work,
Barthe et al. [9] show that checking differential privacy for imperative programs is undecidable in
general, but present a reduction to a decidable fragment of first-order logic for a restricted class of
programs. Barthe et al. [10] also shows that checking accuracy bounds for differentially private
programs is also undecidable (in general). A common limitation of all these approaches is that they
are restricted to first order imperative programs.

Techniques based on randomness alignment. LightDP [58] and ShadowDP [54] take a third approach
to verifying differential privacy based on randomness alignments. A randomness alignment is an
injective function relating the randomness from one execution of a differentially private mechanism
to a second execution of the same mechanism (i.e. M(x) outputs the same result with noise H
as M(x’) outputs with noise f(H), where f is the randomness alignment). Both LightDP and
ShadowDP are capable of verifying complex low-level mechanisms like the sparse vector technique
in just a few seconds. However, both tools target a first-order imperative programming language,
and have limited support for higher-order programming.

Techniques based on testing. Since differential privacy mechanisms are randomized, traditional
methods of software testing do not apply. Two recent works by Bichsel et al. [19] and Ding et al.
[30] address this challenge by automatically generating neighboring inputs for the mechanism
being tested, and sampling from their outputs many times to approximate their output distributions.
For privacy mechanisms with major bugs, these tools are able to show that the approximated
distributions do not satisfy the claimed differential privacy guarantee. Wilson et al. [55] have
implemented a testing tool based on this approach in their open-source library. DPCheck [60]
combines static analysis with instrumented concrete execution of the target program to detect bugs
in even more complex algorithms.

Type systems and contextual information. The technical device of contextual latent effects used
in Sax and Jazz is related to prior approaches to expose information about captured variables in
function types. Leroy [40] and Hannan et al. [37] use function types augmented with the set of
captured variables, the former for tracking dangerous type variables for polymorphic generalization,
and the latter for lifetime analysis. Scherer and Hoffmann [51] introduce open closure types in order
to track additional information about closed-over variables in first-class functions. An open closure
type augments the traditional arrow type with a lexical environment of closed over variables,
further decorated by a mapping characterizing the use of each variable. For instance, they formalize
a system where the mapping marks each variable with a Boolean indicating whether the evaluation
of the body of the function depends on the variable or not. An open closure type also includes
the name of the function argument similarly decorated. For the considered system, they prove a
non-interference property, which states that closing an open term with two valuations that coincide
on used variables yield the same result, up to used variables. Function types in Sax and Jazz can be
seen as specific cases of open closure types, in which the information attached to captured variables
(and arguments) is not a Boolean value, but sensitivity and privacy information. Consequently, the
type soundness result we establish is more general than noninterference; for instance, in Sax, for
two valuations that are at a given distance apart, the distance between the results are bounded
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by the sensitivities of each variables. The technical development of contextual linear types shares
many concerns with that of open closure types, notably regarding the proper handling of the typing
environment—in which order matters—and of scoping. However, our soundness results rely on
logical relations, while they adopt a more restricted technique, sufficient for the purpose of the
simple type system tracking Boolean information.

As observed by Scherer and Hoffmann, using open closure types allows delaying the accounting
of information flow into closures from abstraction time to application time. Likewise, contextual
sensitivity in Sax delays sensitivity accounting to application time. We extend this principle to
positive type constructors such as products and sums, generally deferring accounting to elimination
forms; we believe this would likewise apply to the simpler information-flow control setting they
study.

Recently, Bao et al. [8] use a similar context-annotation technique to track reachability informa-
tion in types. For instance, they augment the type of reference cell with the variables in scope that
alias the cell. This information is tracked on function types as well, in order to track the reachability
information from closures. In all these approaches, type information depends on variable names;
this is quite different from dependent types, however, where types depend on arbitrary terms. The
telescope nature of the typing environment is similar, but many of the deep challenges of dependent
types do not manifest in this restricted setting.

Hoare Type Theory [45] supports specifying effectful, heap-manipulating computations by intro-
ducing Hoare-style pre/postconditions in types. Computation types include contexts of variables
and heap locations in order to track footprints of logical assertions. In a similar vein as Leroy [40],
the context of variables is not decorated with any information, so it is unclear whether one could
handle contextual sensitivity and privacy in this approach.

Finally, it would be interesting to study if generic approaches such as coeffects [48] and graded
modal types [47] can express delayed sensitivity and privacy tracking as developed here. These
generic approaches use resource algebras (such as the semiring of natural numbers) for capturing
modalities in types. To the best of our knowledge, these are not contextual: for instance, the arrow
type is annotated with a scalar, label, etc., not with a decorated environment as in open closure
types and this work. Extending these generic approaches to support contextual information on
all type constructors could bring the benefits of lazy accounting to a wide range of type-based
quantitative program reasoning.

11 CONCLUSION

We have presented Jazz, a language and type system for differentially private programming with
strong support for both higher-order programming and advanced variants of differential privacy.
The key insight of our approach is latent contextual tracking of both privacy and sensitivity,
which enables sum, product and function types to describe their privacy effects—even for closure
variables—making it possible to delay the payment of the effects until actual elimination, sometimes
yielding advantages on the precision of the analysis and the annotation burden.

We have formalized a core subset of Jaozz and proved its soundness using a step-indexed logical
relation, following a novel strategy. Case studies demonstrate the ability to encode basic privacy
mechanisms and privacy combinators as primitives in JAzz, and to compose them to develop more
complicated iterative differentially private algorithms.

Jazz extends the expressive power of systems like Fuzz [49] to advanced variants of differential
privacy. Like Fuzz, it remains incapable of proving the correctness of basic privacy mechanisms
like the Laplace mechanism. One interesting avenue for future work lies in combining Jazz with an
expressive program logic like APRHL [16, 17] in the style of Fuzzr [59]. Such a combined system
would provide a complete programming framework supporting higher-order programming and
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end-to-end privacy proofs. Another line of future work is to incorporate some form of recursion to
Jazz such as recursive types.
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rekR
beB
X € var
ecsexpr i=r|le+el|exe|e<e real numbers
| x| X(x:zs).e|X(x:15).el|ee vars, functions, apps
| tt unit
| inl® e | inr™ e | case e of {x => e} {y = e} sums
| (e,e)| fste]|snde add. products
| (e,e)|let x,x=eine mult. products
| exrt ascription
| b|if e then e elsee (derived) booleans
| letx=eine (derived) let
ecpexpri=returne|x:7 < e;elee return, bind, applications
| if e then e else e | case e of {x = e} {y = e} conditionals, case
| letx=¢eine let
s €sens = R® sensitivities
Y esenv = var — sens = SX + ...+ Sx sensitivity environments
pepriv = (R®,R%) privacy costs
Tepenv 2 @ |px|Z+X|XZUX|XNE privacy environments
T € type ::=R|B|unit|(x:r-s)£>r|(x:1'-s)£»1'
| t%@> r |t %&> 1| 17@% 1 types
IFetenv 2 var — type i=={x:7,...,x:7} type environments
Fig. 18. Aj: Syntax
APPENDIX

Throughout the appendix we use symbol s instead of d, and ¥ instead of A as they are interchange-
able.

A : STATIC SEMANTICS

In this section we present some definitions of the static semantics of A; not presented in the main
document. Figure 18 presents the syntax of A;. Figures 19 and 19 present the complete sensitivity
type system of A;. Figure 21 presents the complete type system of Aj. They include the usage of ®
and the type rules for the derived expressions: boolean, conditional and let expressions. Figure 22
presents the sensitivity instantiation or dot product operator and the sensitivity type instantiation
operator. Figure 23 presents the subtyping rules for A;. Figure 24 presents the sensitivity environment
substitution environment. Figure 25, presents the different lifts operators. Finally, Figure 26 presents
the join and meet operator between types.

B 1;: DYNAMIC SEMANTICS

Figure 27, presents the dynamic semantics of the sensitivity language. Figure 28, presents the
dynamic semantics of the privacy language.

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: January 2023.



Contextual Linear Types for Differential Privacy—Extended Version with Proofs 59

PLUS
RLIT I';Are:R; 2 I';Are:R ;2
I';Arr:R;@ I';Abre +e:R;2+2,
TIMES L-SCALE
IF';Are iR ;2 I';Are:R 32, e1#£r e £ 1 I' ;AFe:R; 2
T;A ke xey:oo(X) +2)) I' ;Arrxe:R;r>
R-SCALE LEQ VAR
I' ;AFe:R; 3 T;AFe R T;AFe:R; 2, I'x)=r
I' ;Arexr:R;r> T;AFe<ey:oo(Z+3) IF';sA+sxbx:73x
S-LAM P-LAM
Ix:1;A+dxtre:r; 2 Ix:my;A+sxte:m; 2
s z b
T;AFA(x:1ed). e (x:118) > 125D T;ArX(xinped). e:(x:1:d) S 153 @

S-APP
3+d
r;AFeli(XZTrd/)l)Tz;zl T';Avrey:t; 2, AZzgd/

I';AbFe 625[22/X]T2;21+822+2

INL INR
UNIT I'sAvre:r; 2 I';Are:ry; 2

T;AFtt:unit; @ T;AFinl%e:1, 0% 10 @ T;AFinrme:1, 20> 1, ; @

Fig. 19. Aj: Complete sensitivity type system (part 1)

C 1;: SOUNDNESS

In this section we present auxiliary definitions used in Section 7.3, and the proof of the funda-
mental property. Figure 29 presents the join and meet operators for sensitivity environments and
sensitivities > + s. Figure 30 presents the subtyping relation between sensible types.

LEMMA C.1 (ASSOCIATIVITY OF THE INSTANTIATION OPERATOR). 2-(X1 + 3y) = 2-21 + 22,

Proor. By induction on X;:
Case (1) 2, =@
SUBPROOF. Trivial as 2-(@ + ) = 2-3) = 2-@ + X2, <

Case (2) 21 = 2] +s1x
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S-CASE
T';ArFe 2“@212 T12 5 21 Tox i A+ (A(Zl + Zn))X Fey:Ty; 2o+ Sox
F,y T A+ (A(Zl + 212))x Fes:Ts; X3+ S3Y

I';AFcasee of {x =>e} {y=es}:
[21 + 211/)(]’[2 L [21 + le/y]fg ; (21 L (3221 + 82211 + 22) L (3321 + 33212 + 23)

PAIR PROJ1
TiAve ;3 +3] T;AvFe:m;3,+3) T;Avre:r &2 1533
T AR (e,e):m M& 13 3, LT T;AFfste:r; 2+,
PROJ2 TUP
T ;Ave:7; M&2 1y % T;AvFe ;3 +%,  TiAvre:n;3+7%)
T;AFsnde:r;S+3, T AR (e, e0) i1 2@ 13 3] + 3
UNTUP

T ; A Fey 111 211®212 T12 5 21
Loxy o, X2 0 Tz 5 A+ (A(S1 + 200))x1 + (A-(Bq + Z2))xp bey @ 7o 5 Ty + 51X1 + Sy

[5AF let xi,x2 =ep in ey [B1 + 211/x1][Z1 + Z1a/x2]72 5 (51 U s2)Z1 + 51211 + 52212 + 2o

ASCR
IF';Avre:7; 2 <7

T;Ar(e=t):1' ;2

...derived rules

IF

BLIT I';Abre B2 I';Abrey:7;2, I';Abres:t;23
F;Al—b:B;@ F;Akifel then {ez}else{E3}ZT;21+(22U23)
LET
T';Avre 132 T,x:tp; Ad+oox bey:Ty; 2+ SX

T;A Fletx=e ines: [Z1/x]m ;2 + 25

Fig. 20. Aj: Complete sensitivity type system (part 2)

SUBPROOF. Let us assume x ¢ ,, and that r = X(x) if X(x) is defined, otherwise r = x:

Z((Zi + slx) + 22) = Z((Zi + 22) + slx)
=337+ o) + 517 (by definition)
= (Z-2] + 2-Zy) + syr (by induction hyp.)
= (ZZ; + S]I") + 22,
=2-(Z] +51%) + 22, (by definition)
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RETURN
T;Are:T;3 X =FV(e) U dom(>)

I';Arreturne: [©/x]r ; FP®(X)

BIND
T;Al-elzrl;Zl T,x:TI;A+0xI—e2:T2;ZZ

T;Arx:1 ¢ er;e: [@/x]n; X1+ [@/x]Z,

IF
T;Are B2 T;Avrey:7;2, T;Avre;:7; 23

I';Ar if e; then € else e3zr;121f°°+():2u23)

P-CASE
I';Avre:m Zig>ie Ti2 5 21
F,x 1 T11 A+ (A(Zl + 211)))( Fey:Ty; Zz F,y 1 T12 5 A+ (A(Zl + 212))!/ Fe3:13; Z3
I'; AF case ejof {x = ey} {y = e3}:
(Z11/x]r U [Bi2/ylrs s 12T U ([Z11/x]Z2 U [Z12/y]Z3)

P-APP
z
T;AFe :(x:1ps) = 125 % T;Avrey:1; 2, A3y <s
T ; A F (S [Zz/x]fz ; ]21[00 + [ZZ/X]Z

FP¥(R) =@
FP®(unit) = @
FP*((x : 11-5) Z 1) = [@/x]1Z[® + FP (1) + FP*([@/x]12)

FP®((x : 71-5) = 1) = [@/x]1Z[* + FP®(r;) + FP®([@/x]12)
FP®(1; 1@ 1) = 131[ + 122[® + FP®(1y) + FP® (1)
FP™®(1; 21&™ 15) = 121[® + 122 + FP®(1y) + FP® (1)
FP™(1; 1@%2 1,) = 131[ + ]Z2[® + FP®(1y) + FP™(1,)

Fig. 21. Aj: Complete privacy type system

and the result holds. Let us assume now that X, = X/ + syx, and that r = 3(x) if (x) is defined,
otherwise r = x:
SAE] 4 s1x) + (25 + s9x)) = Z-((Z] + 2)) + 51X + 520)
= 2(2; + 2;) + (81 + Sz)r
= 2B+ X))+ (sy + s9)r (by definition)

1
= (3-Z] +2-Z)) + (s + s2)r  (by induction hyp.)

1
= (2] +2-2)) + 517+ sor
= EZE; +517) + (235 + so7)

Z(Z] 4 s1x) + Z(25 + s9x) (by definition)
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Z]'@ =0
21'(22 + S) = 21'22 + S
21:(3g +sx) =212y + s21(x) if 2(x) is defined

21:(2g + sx) = 212 + sx otherwise
>([R) =R
>B)=B

>(unit) = unit

>+ DD
S((x : 01) = @) = (x : 3(01)) —— (o)
2(0'1 PRE @22+Sz 0.2) - 2((71) 2-21+51®2~22+52 2(02)
2(0.1 Y1+81 &Zz+sz 0'2) — 2(0,1) 2 q+s1 &Z'Zz+sz Z(O’z)
Z(O’l 21+sl®22+sz O'Z) — 2(0'1) 2-21+31®Z-22+sz Z(O’z)

Fig. 22. Sensitivity instantiation / “dot product” and sensitivity type instantiation

and the result holds. <

Case (3) 1 = 3] + 51

SUBPROOF. Similar to previous case. <
O

LemMma C.2. Ifx ¢ dom(Z), then sx(3(1)) = (2 + sx)(7)
Proor. By induction on 7. O
LEmMMA C3. IfA-X = d and x ¢ dom(2) U dom(A), then A-([2/x]2") = (A + dx)-%’
Proor. We prove: if A3, = d € sens and x ¢ dom(3,) U dom(A), then A-[2,/x]35 = dx(A-23).
We proceed by induction on the structure of 5.
Case (1) 23 =0
SuBPROOF. Trivial as [>,/x]@ = dx(?) = @ and A-@ = 0. <
Case (2) x ¢ dom(33)

SUBPROOF. Then [2,/x]3; = 33, A-[25/x]23 = A-33, and [s/x](A-23) = A-33, and the result
holds. <
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Y <X
A
3 <Y = Vx. 3(x) < ¥(x)
<X
pe<pe pb<p.é I <X Y, <X
px <:p'x @<L Li+Xy<:Xi+ZX
Zl <ZZ;V21 <ZZ; Zl <ZZ;/\ZI <IZ; Zl <ZZ;VZZ <ZZ;
Zl <ZZ;|_|Z§ ZluZZ <IZi le_|22 <ZZ;
Z] <: Zi A ZI <: Z;
Rt ’
Iy <tXinkx
T<!T
S-LAM
BASE , . ’ . L5 L
r € {R,unit} T <i7y d <:d X< T <i T,
— 2 2’
T<:T (x:mpd) > < (x:7d)—> 1
P-LAM
T, <1y d <:d <y T < T,
b ¥’
(x:1d) > 1 <t (x:7/d)—>1,
SUM
71 <: Tl, > < Z; Ty <: T2, g <: Zé
n e < o T T,
PAIR
<7 3 <3 T < T, 3y <3
0 & T < o1 B& 1)
TUP
T <:7{ 3 <3 T, <: 7, 3y <3
noe™n < T Ti@ T,

Fig. 23. Subtyping
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[_/x]_: sensv X type — type
[Z/x]R =R
[Z/x]B=B
[Z/x]unit = unit

B/l = red) 2 ) = (y - [S/xlnd) S22 [3/x]n,
[/x)(r; M@ 1) = [Z/x]r; B/ P1gl/*1% [3/x]1,
[2/x)(r & 1) = [B/x]my PP &L/ 35,
[

[Z/x](n 2@ 1) = [3/x]n BIFI2@EAI% [5)/x]r,

[_/x]_ : sensv X sensv — sensv
/x]o =2

Z/x](3 +sx) = [2/x]2 + s>/

[S/x1(5 +sy) = [S/x]5 + sy

[_/x]_ : sensv X (sensv + sens) — (sensv + sens)
Z/x]C +s) = [2/x]2" +s
[Z/x]s=s

Fig. 24. Sensitivity environment substitution

-|s|'s/ =g s>0
12[* =@
1= +sx[¥ =135 + 1s[ %
12+ 0x[*" = 12[% + 0x
pr” =p’ p #(0,0)
1(0,0)[#" = (0,0)
lo[? =@
Tpx[?" =1p[*'x
120+ o[ = 15[ + 157
15 U E[® =15 [P U]l
1 sz“: = 15[ N ]E[®
12[F = Edl_l (2)(12(36)[117)96

Fig. 25. Lift operators
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_ U _:type X type — type
RuUR=R
BuB=B

unituunit =unit

(y:rl‘d)irll_l(y Td)——>rz (Tli‘lr)(dl‘ld))——>(rzl_lfz)

(y
b3 ux’
y:nd) > nuUy:r d)——»fz (y (T1|'|71)(d|'|d))—»(fz|—|fz)
7 @™ 1 I_I( 7] 2/1692? ;) = (Ut ‘“Z, EBZZ"'Z, (r, U'T))

71 &> 1, L (ry 2 &> ;) =(n Ut)) 2% &% U%) (1, L 7;)

n M1@% 1, U (r] M@ 1)) = (n U r)) M@ (r, U 1))

_M_:type X type — type
ROR=R
BnB=B
unitMunit =unit
b >
@:nd) D on@:d) 5=y mU)dud) = & ng)
! nx’
(1 I_Irl)(dl_ld))—» (1))
nr) S @ (g, 1 29
/) 1HZ &ZZHZZ (TZ m TZ)

n 7] ) 21ﬂ21®22|‘|2 (TZ n TZ)

(:red) = 1 Ny ol-d') = 1) = (y
T @™ 1 1 (1] T 7,) = (11
& N (7] % &% 7,) = (1

n M@™ nN(r ’21®zz ) = (n

_ L _ :sensv X sensv — sensv

DU =0
C+sx)U +s'x)=CUX)+(sUs)xx & dom(Z LUY)
SUR +sx)=CUX)+sx (x ¢ dom(2))
C+sx)UY =CUX)+sx (x ¢ dom(2"))
_LI_ :sensv X sensv — sensv
QMG =0
C+sx)N " +s'x)=CEN2)+(sMs)x x & dom(Z 1Y)
X +sx)=EnY) (x ¢ dom(X))
C+sx)nNY =Enx) (x ¢ dom(2"))

Fig. 26. Join and Meet of types and sensitivity environments
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INL

yrelfo

CASE-RIGHT

yFe U inr o

y Finl® e [[F in1®/Y o

CASE-LEFT
yre M inlo

PLUS TIMES
RLIT YFe [ Yre U* r, YFe u* YFe Uk r,
yrrllr Y Fe +e [kt p 4y, yFoepep [kt g,

LEQ . . VAR LAM

yre o n yre l%nr y(x) =o Y Cvy FV(e) = dom(y”)

Yrer <e Yltkett p <, yrx'o yrAx:ts). e Lx:1s. ey)

APP

yre UM (Qx:rs e y’) yrelko Yix—olre [Fo UNIT

y ke e [fitketkatly, yrtt [0 tt

INR

yrelfo

ylx > vlre [P o

yrinrte Uk inr/Y o

’

y F case e; of {x = e;} {x = e} [Ftherl ¢/

ylx = o] ke | o

PROJ1

yre Uk (v1,v2)

y F case e; of {x = e} {x = e} [tk ¢

PROJ2
yre Uk (v1,09)

UNTUP

y Ffste K1 o

y ke U (vr,0)

y Fsnde [[F o,

ylxi > v, x> v] ke ng v

PAIR
yrealfo  yrelRou

y k(e e2) U9 (01, 05)

TUP
k k
y e U vy yre 7o

v+ (ene) UM (or, 0,)

ASCR
yrelfo

yFlet x;,x;=e in ey

Ukl +k2+1 U’

yreazt [y

IF-TRUE
BLIT y ke U5 true yre ko
yrb|%b y F if e; then {e,} else {es} |Fr*ketl o
IF-FALSE LET
y ke R false yres®o yre lfo ylx - o]l ke 2 o

y Fif e; then {e;} else {es} [kt o

y Flet x = e in e, [Rithett o

Fig. 27. Aj: Sensitivity dynamic semantics
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RETURN
yhre ko

1 when x=v

k
return Ax. { .
e " Ax 0 otherwise

BIND
Yy Fer Uk Dy Vi, D1(vj) > 0,y[x > v;] F ez Uki Dy;

YFEX:T] < e1 ;e ﬂk+maxik" Ax. Z D1 (vi)-D2i(x)

Di(vi)>0
GAUSS
. IF-TRUE
F gauss g o2 ! Ax —ei(x*ﬂ) oo y ey IR true yre * D
Y K ' 3 e~ W?/20? Lif e th 1 ki+ks p
yez y +if e1 then e; else es ||
IF-FALSE CASE-LEFT
Yy ke Uk1 false yFes Uk2 D yhre Ukl inl v y[lx - vl ke ﬂkz D
y Fif e then e; else e [F1*k2 p y F case e of {x = e3} {x = e3} |F1**2 D

CASE-RIGHT
yl—ellklinrv y[x+—>v]|—e3UkZD

y case e of {x = ey} {x = e3} |1*R2 D

APP
yFel Ukl KFx:rs. e, 140 Yy ke Ukz v Yix—olre Uk3 D

Y Fepey Uk1+k2+k3 D

Fig. 28. Aj: Probabilistic semantics

DU =0
C+sx)UE +s'x)=CUX)+(sUs)x x ¢ dom(ZUY)
SUC +sx)=CUX) +sx (x ¢ dom(X))
CH+sx)UY =CEUX)+sx (x ¢ dom(2))
C+s)uE +s)=CuUX)+(sUs’) s ¢xuy

_ LI _:sensv X sensv — sensv

NY =0
C+s)NE +s'x)=CEN2)+(sMs)x x ¢ dom(ZMX)
S +sx)=ENY)+sx (x ¢ dom(X))
C+sx)NNY =EN%)+sx (x ¢ dom(2))
C+s)nNE +s)=CENX)+(sMns’) s”e¢xny

Fig. 29. Join and Meet of sensitivity environment and sensitivities

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: January 2023.



68 Matias Toro, David Darais, Chike Abuah, Joseph P. Near, Damian Arquez, Federico Olmedo, and Eric Tanter

to
. S-FUN
BA ’ ’ ’ ’ ’
. o, <: 0 s’ <:s Y <: X Yoy <: X oy <: 0
o€ {R,unit} 1 ! ! 2 2 2 z 2
—_— Si433, ., DI ,
o<:i0 (x:018) —— 0y <t (x:0{s) — 0,
P-FUN
’ ’ ’ ’ Lt
o, <:01 s'<:s Iy <Xy I, <Xy oy <: 0y

Ti43E, , PEEDISNA ,
(x:01:s) —>» 0y <¢ (x:0]s) —» o,

SUM
7 ’ ’ ’
oy <: 0 S1 <8 02 <: 0y Sy <8,
T
o @ 0y <: o 1@ o,
PAIR
s < < g </
o1 <: 03 S1 =8 0y <! 0y 258
T
o1 & 0y <t 0y & o,
TUP
’ ’ ’ !
o1 <: 0 s1 <8 0y <: 0, Sp <8y

T o
o1 51 @S2 oy <: O_l/ S1 Q% O_Z/

Fig. 30. Subtyping of sensible types
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Case (3) 23 =24 +d'x
SuBPROOF. By induction hypothesis on >4, we know that A-([2,/x]24) = dx((A-24)). Therefore

A-([Z2/x]25) = A-([Z2/x](Z4 + d'x))

= A([Z2/x]24 + d'%5)

= A-([Z2/x]2g) + A-d'2,

= A([Z2/x]24) + d'(A-2)

=dx(A-3y) + d'(A-2) (by induction hyp.)
= dx(A-3y) + d’(dx(x))

= dx(A-Xy) + dx(d’x)

= dx((A-X4) + d’x) (by definition of subst)
=dx(A-(Z4 + d'x)) (because x ¢ dom(A))
= dX(AZ3)
And the result holds. <

Case (4) 23 =2, +d'y
SUBPROOF. By induction hypothesis on >4, we know that A-([2,/x]34) = dx(A-24). Therefore
A([Z2/x]Z3) = A([Z2/x](Z4 + dy))
= A([Z2/x]24 + d'y)
= A([Z2/x]Z4) + A-d'y
=dx(A-Zy)+ Ad'y (by induction hyp.)
=dx(A-Zy+ Ad'y) (by definition as x ¢ dom(sy))
=dx(A-(Z4 +d'y))
= dx(AZ3)
And the result holds. <
Case (5) 23 =24 +d’
SuBPROOF. By induction hypothesis on >4, we know that A-([2,/x]24) = dx(A-Z4). Therefore
A([Z2/x]33) = A([Z2/x](E4 + d'))
= A([Z2/x]24 + d')
= A([Z2/x]24) + 57
=dx(A-Zy) + s’ (by induction hyp.)
=dx(A-34+5") (by definition of >(y)
=dx(A-(Z4+5))
= dx(A2.3)
And the result holds. <

LEmMmA C4. IfA-Y =d and x ¢ dom(Z) U dom(A), then A«([Z/x]LZ’) = (A + dx)-Z’

Proor. We prove: if A-3, = d € sens and x ¢ dom(2,) U dom(A), then A+[3,/x]Z3 = dx+(A-L3).
We proceed by induction on the structure of >s.
Case (1) L3 =0
SUuBPROOF. Trivial as [2,/x]@ = dx(@) = @ and A-@ = 0. <
Case (2) X5 = py

SuBPROOF. Then [2,/x]X; = L3, A:[2y/x]Z3 = AXs, and [d/x](A-X3) = A-Zs;, and the result
holds. <

Case (3) X3 = px
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SuBPROOF. Then

A([Z2/x]1Z3) = A([Z2/x](px))
= A(122[?)
=A( Ll py)

xedom(3,)

xedom(z,)
=p
But (A + dx)-X3 = (A + dx)px = p and the result holds. <
Case (4) L3 =X, + X5
SuBPROOF. By induction hypothesis on X4 and X5, we know that A«([>,/x]X4) = dx+(A-X4), and
A([22/x]Z5) = dx+(A-Ls). Therefore
A([Z2/x]23) = A«([Z2/x](Z4 + E5))
= A([Z2/x]E4 + [Z2/x]Es5)
= A([22/x]24) + A([Z2/x]L5)

= dx+(A-Ly) + dx(A-Ls) (by induction hyp.)
= dx(AZy + AXs) (by definition of A(_))
= dx+(A(Z4 + 15))
= dX'(A'Z3)
And the result holds. <

Case (5) Z3 = Z4 L 25
SuBPROOF. By induction hypothesis on X4 and X5, we know that A«([2,/x]X4) = dx+(A-Z4), and
A([22/x]X5) = dx+(A-Ls). Therefore

A([22/x]23) = A«([Z2/x](E4 U E5))
= A([Z2/x]Z4 U [Z2/x]L5)
= A([Z2/x]Z4) U A=([32/x]25)
= dx+(A-Zy) U dx+(A-X5) (by induction hyp.)
= dx+(ALy U A-Xs) (by definition of A(_))
= dx+(A«(Z4 U L5))
= dx+(A-L3)
And the result holds. <
Case (6) Z3 = Z4 [l Z5
SuBPROOF. By induction hypothesis on X4 and X5, we know that A«([2,/x]X4) = dx+(A-Z4), and
A([Z2/x]L5) = dx+(A-L5). Therefore
A([22/x]23) = A«([Z2/x](£4 11 E5))

= A([Z2/x]Z4 1 [Z2/x]L5)

= A([Z2/x]Z4) M A([32/x]25)

= dx+(A-Zy) M dx+(A-X5) (by induction hyp.)

= dx-(ALy M ALs) (by definition of A(_))

= dx+(A«(Z4 M Ls))

= dx+(A-X3)

And the result holds. <

LEMMA C.5. Let A2 = d and x ¢ dom(Z) U dom(A), then A([2/x]7) = dx(A(1))
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Proor. We prove: let A->' = d € sens and x ¢ dom(2") U dom(A), then A([X/x]7) = dx(A(7)).

We proceed by induction on .
Case (1) 7 € {R,B,unit}
SUBPROOF. Trivial as A(7) = 7 and sx(7) = 7.

Case (2) 7 = (x:11) z, T

SUBPROOF.

A ) rod’) 25 1) = A s 137 /x]m-d) 2202 57 7x] ) (by def subst.)
= (c: A /x]red)) P00 A (17 /4]y (by def inst.)
= (x : dx(A(r)-d)) 2P, M) (by induction hyp.)
= (x : dx(Ar)d) 207, dx(A(z) (by Lemma 7.3)

= dx((x : Arr)-d’) 225 M) (by def subst.)
= dx(M(x : 1y-d') 2> 1) (by def inst.)
and the result holds.
Case 3) 7 = (x: 1;-d’) z, T
SUBPROOF.

A 1) (s red’) 25 1) = A : [37/xm-d) L2250 157 /x0ey) (by def subst.
= (o A /x]r)-d) S0 A 5y 1x]ey) (by def inst.
= (x: dx(M(r)d) 22D G (A(r)) (by induction hyp.
= (x : dx(A(ry1))-d") LZN% dx(A(r2)) (by Lemma 7.4

=dx((x : A(ry)-d") AT A(13)) (by def subst.
= dx(M(x : 1y-d') 25 1) (by def inst.

and the result holds.
Case (4) T=1; '@™ 1y

SUBPROOF.

A [x(r B @™ 1)) = A3 /x] 1y PP gl /x1% [57 /x1,) (by def subst.)
= A2 /x]r ) A @A B X% A([3 /x]15) (by def inst.)
= dx(A(ry)) Mg B X2 gy (A(1p) (by induction hyp.)
= dx(A(ry)) P> @A) dy(A(r)) (by Lemma 7.3)
= dx(A(ry) P21 >2) A(ry)) (by def subst.)
= dx(A(r; 1 @™ 1)) (by def inst.)

and the result holds.
Case(5) T =11 & 1y

SUBPROOF. Analogous to 7 = 7; ' @>* 1, case.

LemMma C.6. Ift <: 7/ then X(r) <: %(t’)
Proor. By induction on 7:
Case (1) =R

SuBPROOF. Then 7’ = R so the result is trivial.

71
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Case(2) 7 =B

SUBPROOF. Then 7’ = B so the result is trivial. <
Case (3) T = unit

SUBPROOF. Then 7’ = unit so the result is trivial. <

Case (4) 7 = (x : 11-d) L T

s
SuBPrOOF. Then 7" = (x : 7{-d") — 7, such that d’ <: d, 7/ <: 11, <: X", and 1, <: 7,. But

((x : 11-d) Z, 1) = (x : 2(11)-d) ZE, %(r2), then by induction hypotheses %(r]) <: %(r), and
%(12) <: X(z,). Also by Lemma C.12, %-3" <: £-X", therefore

S mred) S 1) = (0 s 3(r)d) s S(1y) < (x 1 3(e))d) s 3()) = 2((x : 11-d’) 2> ) and
the result holds. <

Case (5) 7 = (x : 11-d) Z, T

SuBPrOOF. Then 7" = (x : 7{-d’) Z—» 7, such that d’ <: d, 7] <: 7,L" <: L”, and 1, <: 7,. But

2((x : 71-d) z, 72) = (x : 2(ry)-d) ZE, %(r2), then by induction hypotheses %(z]) <: %(r;), and

%(1p) <: 2(z,). Also by Lemma C.13, 3-2’ <: 3.1, therefore

S((x s mied) = 1) = (x Sn)d) —» Xr) < (x: Sw)d) S Nrp) = (s ofd') )

and the result holds.

Case (6) T =1 M@ 1y

SuspPrOOF. Then 7/ = 7/ 21> r, such that r; <: 7/,%; <: 21,2} <: ¥}, and 1 <: 7,. But

X M@ 1) = (1) ¥ @* > X(ry), then by 1nduct10n hypotheses %(r;) <: 3(t/), and (r2) <:
%(r,). Also by Lemma C.12, ¥-%; <: 2-3] and X-%, <: X-X), therefore

X M@ 1) = () T X(n) < %(ty) 2> % 3(ry) = 2] %@ 7,) and the result

holds. <

Case (7) T =1 & 1y

SuPrOOF. Then 7/ = 7/ % &% r, such that r; <: 7/,%; <: 3,3} <: ¥/, and 7, <: 7,. But

Y P& 1) = 3(ry) P& ¥(13), then by induction hypotheses () <: %(ry), and 3(r,) <:

%(r,). Also by Lemma C.12, 2-3; <: 2-3] and -3, <: X-3), therefore

S P& 1) = 3(n) TH&T N(n) < (1)) TH&E P 5(r)) = 3t T1&” 1]) and the result

holds. <

O

LemMA C.7. Let> and Y’ Then

()T <:2uy

@2)Iny <3

Proor. By induction of ¥, and noticing that s < s Ls’, and s Ms” < s. O

LemMA C.8. Let ~ and X’ Then
()< Xux’
2N <%

Proor. By definition of the <: operator for privacy environments. O

LEMMA C.9. Letr and 7', such that t U " and t Mt are defined. Then
()r<turt
@ rtnt <t
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Proor. Let us prove (1) first by induction by induction on 7:

Case (1) 7 =R

SuBPROOF. Then 7’ = R so the result is trivial. <
Case(2) 7 =B

SUBPROOF. Then 7’ = B so the result is trivial. <
Case (3) 7 = unit

SUBPROOF. Then 7’ = unit so the result is trivial. <

Case (4) 7 = (x : 71:d) Z T

SuBPROOF. Then ' = (x : 7/-d’) — 7/ and r U7/ = (x : (ry 1 ))-(d 1 d")) ——> (r, U z))
By induction hypothesis (z; M 7]) <: 71, we know that d M d’ < d, by Lemma C.7, X <: ¥ L ¥’, and

by induction hypothesis 7, <: 7, U 7J. Then (x : 71-d) — 1, <: (x : (; (1 7))-(d " d")) s (, U 7))
and the result holds. <

Case (5) 7 = (x : 71:d) z, T2

pag Xux’
SuBPROOF. Then 7" = (x : 7/-d") —» rj,and U ' = (x : (;y N ¢))-(d M d")) ==, (U1

By induction hypothesis (r; M 7/) <: 71, we know that d Md’ < d, by Lemma C.8, £ <: L LI Y/, and

by induction hypothesis 7, <: 7, Li7,. Then (x : 71-d) z, T <: (x: (ryM7))(dnd’)) LN (U 1'2)
and the result holds.

Case (6) T =11 V@™ 1y

SuBPROOF. Then 7’ = Tl’ T 7,,and 7 U 7" = (r; U 7)) Y R (o 7,). By induction

hypotheses 7; <: 7; U 7/, and 7, <: 7, Ui 7,, and by Lemma C.7, %y <: 3; U X/, and %, <: % U %),

Then 7/ T T, <:(ry U 1)) T @2l (g, | 7,) and the result holds. <

Case (7)) T=1; "'&* 1y

SUBPROOF. Analogous to the 7 = 7; *'@®>? 1, case. <

Case (8) 7 =1 V@™ 1y

SuBPROOF. Analogous to the 7 = 74 Z1@% 1, case. <
O

LEMMA C.10 (RELATION SUBSUMPTION/WEAKENING). Considerd < d’ and o <: ¢’ then
(1) If (v1, v2) € (Vk[[o]] then (vy,v;) € V [[0 |

(2) If (e1, 2) € 85[[0]], then (ey, e;) € 8k [[0 |

(3) If (e1, e2) € 8;; [o], then (e1, ;) € 8;, [o’]

Proor. We only present intersting cases. We first prove (1) by induction on z:
Case (1) 0 =R
SUuBPROOF. Then v; = ri, vy = ry, 6’ =R, and (r1, 1) € q/k[[Rﬂ ie. |ri —ry] <s.Butifs <s’, then
it is easy to see that |r; — r;| < s/, therefore (ry, ;) € V [[R]] and the result holds. <
Case (2) 0 = unit
SUBPROOF. Trivial as ¢’ = unit and (v;, v,) € (Vj [unit] does not depend on s, i.e. Vs, (vy, v;) €
VE [unit]. <
Case (3) 0 = (x : 01-d3) —>A1422+d1x 09
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Ay-Zy+dix
SuBPrOOF. Then ¢’ = (x : 0-d)) — 5 o, where o]

oy <: 0.
AISO U = <Asx‘elv Y1>> Uy = </lsx'627 YZ)s and (<Asx'el9 Y1>» </15x'627 YZ)) € (Vd[[(x : O—l'dz)
O'zﬂ.

| <t o,2y < ¥),d £d,d) < d;and

Ay -So+dix
—_—

Ap-Xy+d]

We have to prove that ((X x.e;, y1), (L x.e5, y2)) € (Vk [(x : o-d})
(v1,02) € (Vj [[Uf]] ds < djthen (y1[x = vi] ke, ya[x > va] Fey) € Sd/+A1 +dld [[dSX(Uzl)]]-

o,], i.e. for any j < k,

We know that d; < d < d, then by induction hypothesis on (v, v,) € (V13 [[crl]], we know that
(v1,09) € (Vjs [o1]. Then we instantiate the premise with d”” = ds and v; and v,, so we know that
(rilx > vl Fenya[x > v Fey) € 82+A1_22+d1d3 [dsx(02)]. By Lemma C.6, dsx(02) <: dsx(o,),
by Lemma C.12, A1-3y < A3}, and as d + A2y + dids < d’ + A3 + d{ds, then by induction
hypothesis we know that (y1[x — v1] F e, y2[x = va] F ) € 82,+2,1 Sped!dy [dsx(c;)] and the
result holds. <

Ap+Z,
Case (4) 0 = (x : 01-dy) — 0y

A5
SuBPrROOF. Then ¢’ = (x : ¢/-d)) — o, where o] <: 01,2, <: L},d;, < dy and 0, <: 02

Dx
Also 0; = (Fx.eq, 1), 02 = (Fx.ez, y2), and (Fx.en, y1), (Fx.e2,y2)) € Vallix : o1da) —=2 03],

ArE)

We have to prove that ((X x.e1,y1), (X' x.e3,12)) € (de, [(x : 0]-d}) — o], i.e. for any j < k,
(v1,02) € (Vés lof], ds < dj then (y1[x = v1] F eq, yo[x > v2] F eg) € Bﬁd, o+ [dsx(a,)].
We know that ds < d; < d,, then by induction hypothesis on (v, v;) € "Vég [o/], we know that

(v1,09) € (V(i [o1]. Then we instantiate the premise with d”’ = d; and v; and v, so we know that

(yilx = vl Fep,ya[x > va] Fey) € 8{0”00%1_22 [dsx(c)]. By Lemma C.6, dsx(02) <: dsx(c,), by
Lemma C.13, A1-Xy < Ay-X), then d[® + ALy < 1d'[* + AL, The result follows from induction
hypothesis (3). <

Case (5) 0 = 01 @™ oy

’ ’
SuBPrOOF. Then ¢’ = o] “1®* o, where 0y <: 0/,s; < s{,s, < 5, and 0y <: 0.
We proceed by case analysis on (vq, v2):
Case (a) (vq,v2) = (inl o], inl v))

SuBPrOOF. Then we know that (inl v{,inl v)) € V [[01]] then by induction hypothesis using

d+9

s+5s1 < s’ +5s] and o1 <: 0y, then (inl v{,inl v)) € V5 [o/] and therefore (inl ], inl v}) €

s’ +S
VElo] i@ o] and the result holds. <
Case (b) (v1,v2) = (inr v}, inr v})
SuBPROOF. Analogous to prev1ous case. <

Case (c) (v1,vy) = (inl o], inr v )and (v1,v2) = (inr v],inl v))
SUBPROOF. Then s = co and as s < s’, therefore s” = co, and the result holds immediately.

A

Case (6) 0 = 01 “1&* 03

SuspProOF. Then ¢’ = o 1 &S o, where o1 <: 0/,51 < 57,5, < s), and oy <: 0y.
We know that ('U], Uz) = (<Z}11, 1)12>, <7)21, U22>), such that (011, ’021) S (deJrsl [[O'lﬂ and (012, '022) (S
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% ;‘Hz [o2]. By induction hypotheses we know that (v;1, vs1) € (Vs’f v,

, [[0'1/]] and (Ulz, ’022) € (Vs]f+sé [[0'2’]],
and therefore ((v11, v12), (V21, V22)) € (V!f [o] &5 o,] and the result holds. <
Now let us prove (2). We know thatif y; ey || v1 Ays + ez || v; then (v, v7) € (ch*j [o]. We have
to prove that (v;, v;) € (Vk,_j [o], which follows from (1).
Now let us prove (3). We know that VS C valk, if Pry; + e; ¥ S] A Pr[y, + ey ¥ S], then Pr[y; +
e; X S] < el Pr[y, + e ¥ S]+p.6 and Pr[y; + e |* S] < e “Pr[y; + ey ¥ S]+ p.5. We have to
prove that, if Pr[y; - e; ¥ SJAPr[y; + e; ¥ S], then Pr[y;  e; ¥ S] < e “Pr[y; + e, ¥ S]+p’.8
and Prly; + e, XS] < ep/'EPr[yz Fey UK S]+p.6.

But notice that as p.e < p’.¢, then ¢ < ¢, and e?-“Pr[y, + e, ¥ S] < e”Pr[y, r e, [F S].
We also know that p.d < p’.9, and the result follows. O

LemMA C.11. Consider k’ < k then

(1) If (v1, v2) € VE[o], then (vy,v,) € VK [o]

(2) If (e, ) € EF[a], then (e, e;) € EF [o]

(3) If (e1. e2) € E [a], then (e1, e2) € &} [0]

Proor. By induction on k. O

LEMMA C.12. Let dom(X) C dom(A), thenVX",Y <: %", then A"-X < N3,

Proor. By induction on 3.

Case (1) 2 =0

SuBPROOF. Trivial as 2" = @, therefore 0 < 0. <

Case (2) > =3 +dx

SuBPROOF. Let X" = 3| + d’x such that d < d’, then we have to prove that A"-3; + dA’(x) <

A"-31 +d'N'(x), but we know by induction hypothesis that A"->; < A’-%] and dA’(x) < d’A’(x), so

the result holds immediately. <

Case(3) X =2, +d

SuBPROOF. Let X" = 37 + d’ such that d < d’, then we have to prove that A"-%; +d < A" + d’,

but we know by induction hypothesis that A"-X; < A’-31, so the result holds immediately. <
[m}

LEmmA C.13. Let dom(X) C dom(A), then VL', X <: X', then A-X < A-L’.
Proor. By definition of © <: ¥, O

Lemma C.14. .
(DIT;Avre :t;2andl ;A ey:1; 3, then(y Ferys  e3) € E[A(7)].
@2)IT;Avre :t;XandT ;Arey:t; X then(y Ferys b ey) € E[A(7)].

Proor. By induction on 7. O

LEMMA C.15. Letj < k,y1 Fe; [/ y/ rel,ya b ex " ys e}, and (y] F €|, y, F e)) € 8;71-[[1']},
then
()/1 Fey,y k ez) c 8;[[7.']}

Proor. We know that for j* < k —jif y/ + €] llj/ Dy, then y; + e/, |* D,, and both distributions
satisfy the dp inequality. Then as y; + e; |/ y{ + e/ and y/ + ¢/ |/ Dy, theny, + e; [V*/" D,
(j+J <k),and y,  e; || Dy, and the result is direct. m]
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LEmMa C.16. IfT;A e 753, v,y Fe * vr, ya, vy F e " vy, and FW(e) C dom(y), then vy = v,.

Proor. By inductionon ;A Fe: 7 ;3.
Case (1) T;Arr:R; @
SuBPROOF. Trivial as numbers are already values. <
Case(2) ;A e +e :R; 3+ 3,
SuBPROOF. By induction hypotheses on T; A F e : R ; X, and ;A F ey : R 30y, 7 Feg U7,
Yooy Fer U ri,and yr,y Fey P ro, ya, v Fex U ro. The result holds as ry + 1y = 1y + 1. <
Case (3) T; A F ey xey: R oo + 25)
SuBPROOF. By induction hypotheses on T; A F ey : R; X, and ;A F ey : R 30y, y Feg U7,
Yooy Fer U ri,and yr,y Fep U ro, ya, v F e U ro. The result holds as ry s ry = 1y * 1y, <
Case (4) I A ke <ey:B;oo(Z) +2))
SuBPROOF. By induction hypotheses on T;A F ey : R X, and ;A F ey : R 30y, y Feg U7,
Yooy Fer U ri,and yr,y Fey UM ro, ya, v Fex )" . Theresultholdsas ry < rp =1 <1, <
Case(5) ;A Fx:7;x
SuBPROOF. Given that FV(e) = {x} C domf(y), then x € dom(y). Then y;,y + x || y(x) and
Y2, ¥ F x |J* y(x), and the result holds as y(x) = y(x). <

3+s'x

Case (6) ;AR X (x:1ody). ¢ : (x:1y°dy) —> 15 ; @
SuBPROOF. We know that FV(e) C dom(y), then y1,y + A (x : 71-dy). ¢’ |} (X (x : 71-dy). €', y’) and
Yooy F A (e redy). e (X (x s 71-dy). €', y’), for y’ C y and the result holds. <

Case (7) T; A+ (X (x : ry-dy). €, y) : (x : 7y-dy) N Ty @
SuBPROOF. Trivial as closures are already values. <
Case (8) F,A Feper: [Zz/X]TZ ;2 + 322 + X"

3 +sx

SuBPROOF. By induction hypothesesonT +e;: (x :71) — > ;X1 and Tk eyt 77 5 2o, y1, ¥ F
e J* (N(x:rs1). e,y ), vy ber U5 (A (x i oysy). e/, y"), and yr, 7 Fex U 0, yo, 7 + €2 |I* 0. The

result holds as y’[x = v] F e’ || vy and y'[x = v] F e’ ||" vy, therefore v; = vs. <
Case (9) I; A+ tt:unit; @
SUBPROOF. Trivial. <

Case (10) ;A Finl? e’ : 1y ' @% 1, ; @

SuBPrOOF. By induction hypothesisonT' + e’ : 7y ; 2. y1,y e’ " v, y2,y + e || v, and the
result holds as in1®v = inl%v. <
Case (11) T; A+ inr™ e’ : 1y 20 1, @

SuBPrOOF. By induction hypothesisonI' + e’ : 7y ; 2. y1,y e’ " v, y2,y + e’ || v, and the
result holds as inr®v = inr®uv. <
Case (12) T; A F case e; of {x = ex} {y = e3} : [Z1 + 211 /x| U [Z1 + Z12/yls 5 21 U([Z1 +
1 /x](Z2 + s20) U 2 + 2Z12/y] (25 + s3y))

SuBPROOF. By induction hypothesis on T; A + e; : 717 '@ 115 ; 3, we know that

Yi.v b e " v, y2.y F e T vi. Suppose v; = inl o] (the other case is analogous). Then
by induction hypothesis on T, x : 711; A + (A«(Z1 + Z11))x F ey @ 73 5 2y + spx, we know that,
yi.vlx = ovlre " v,y y[x = v]] F ez I* v, and the result holds, <
Case (13) [;A F (eg, e0) : 1y & 15 ; @

SUBPROOF. By induction hypotheses on T F e; : 71 ; Ziand T + ey : 72 5 2o, y1,7 + €1 * 01,
Yo,y Fer UM v, and yy, vy Fex " va, y2, ¥ + €2 |7 vs. The result holds as (vq, v2) = (vy, V). <
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Case (14) T;A - fste' 11y ;27 + 3

SuBPROOF. By induction hypothesis on T F e’ : 7y *1&> 1, ; 3", yi,y ke’ |* (v1,02), Yo, y e [J*
(v1,02). The result holds as y;,y + e’ ||* vy and yo, y F e’ " 0. <
Case (15) I;Arsnde i1y ; 2" + 3,

SuBPRrOOF. By induction hypothesison T F e’ : 1y g gy B Yy re (v, vs), 2,y Fe' *
(v1,v2). The result holds as y1,y + e’ ||* v; and y2, y F ¢’ ¥ v,. <
Case (16) [;A F (eq, e0) : 1y @™ 15 ; @

SUBPROOF. By induction hypotheseson T F e; : 77 ; Xy and T + ey : 75 5 2o, v,y F €1 | vy,
Yo,y Fer " v, and yy, y Fex " va, y2, ¥ + €2 ||F vs. The result holds as (vy, v3) = (vy, v2). <
Case (17) T; A + let xi,x2 = e in ey : [Z1+ 211 /x1][Z1+212/x2]12 5 5111 +21) + 5212+ 21) + 2,
SuBPROOF. By induction hypothesis on T; A + ¢; : 711 *1'®%2 715 ; 3, we know that

Y.y F e J° (v,02), ya, vy F e " (v1,02). Then by induction hypothesis on I', x : 7y1,x :
Tigs A+ (A-(C1 + Z11))x1 + (A1 + Z12))x2 F ez : T2 5 2o + 51X + S2x2, we know that, yy, y[x; —
UL X2 > U] F ey T 0, ya, y[x1 o v1, X2 > vs] F ey |* 0, and the result holds, <
Case (18) ;A (e 1) 72

SuBPROOF. By induction hypothesisonT + e’ : ¢/ ; 3, y,y + e’ " v, y2,y + €’ |* v. The result
holdsasy,y F (¢’ =7) " vandy,, y + (e" = 7) " 0. <

Case (19) T;A R X (x s 1y-d’). ' : (x : 1y-d’) Z—N» T, @

SuBPROOF. We know that FV(e) C dom(y), therefore y1,y + A (x : 7y-d’). e’ 1 (X (x : r-d’). €', y")

and yo,y F A (x : 7ys1). ¢ P (X (x : 71051). €/, '), for y’ C y and the result holds. <
O

THEOREM C.17 (METRIC PRESERVATION).
()T, Avre:7;2=>Vk >0,YN CAV(y,y2) € gf,[[l“]].(yl FeyskFe)e SIA‘,E[[A’(T)]]
(@)T.Are:7;Z=Vk20,YAN CAV(y:) € GHIT].(nF ey ke) e & [AN()]
Proor. We prove the two parts using induction on k first.
We start by proving Part (1) by induction on k and the typing derivation.
Case (1) T;Arr:R; @
SuBPROOF. We have to prove that Vk, ¥(y1,12) € GK [T, (yi F r.ya b 1) € Eno[A'(R)], for A E A.
Notice that A”-@ = 0 and y;(r) = y2(r) = r. Then we have to prove that (r,r) € (Vok [R],ie.|r—r| <0
which is direct. <
Case(2) T;A ke +e :R; 3 +23,
SuBPrOOF. We have to prove that Vk, Y(y1, y2) € g’g, [T, (y1 F e1+ez, y2 + e1+ez) € 8§’~(21+22)HA/(R)H’
for A’ £ A. By induction hypotheses
AFe R = (y1keny2ke)€ SgnleA,(R)ﬂ and ;A Fe :R;3 = (y1Fesny2 ke €
8272'12 [A’(R)] for some j; < k. By unfolding (y; + ey, )2 + e1) € 8/’;_21 [A’(R)], we know that if
yi ke ' g theny, ey |* rip and (riq,110) € (VAk,Téi [R], where |r1; — ria| < A3,
Also, by unfolding (y; + es,y2 b e5) € SIAC,__]Z"Z [N®R)], if y1 + e |72 1 then yo F ey |* 1o
and (ry1, r92) € (Vk,_;-jh [R], where |ry; — ra] < A"-3,.
Thenif y; - ey + e /2% 1/ and yp + €1 + €5 [V172%! 1) where r] = ri1 + 11 and ry = rip + rp, we
have to prove that (1], 7)) € (kajlfjrl[[Rﬂ, ie |(rin +1a1) = (rig + o) < A(21 + ).

N (51453)
Notice that |(r11+721)—(r12+722)| = |(r11—712)+(r21—722)|, and by the triangle inequality of the absolute
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value, |(r11—r12)+(r21=r22)| < [(r11=r12)|+](ro1—122)|. Also as [r1—riz| < A3 and [ry—rag| < A3y,
then |(r1; —ri2)| +[(r21 —122)] < A1 +A"-2,. By Lemma C.1, A"-2; +A"-%; = A’-(21 +2,), therefore
|(r11 + r91) — (r12 + r22)| £ A’-(21 + 2») and the result holds. <

Case (3) ;A Fepxey : R ;002 + 25)

SuBPrROOF. We have to prove that Vk, Y(y1, y2) € gg, IT]. (y1 + erxes, y2 + erxey) € EF
for A" C A. By induction hypotheses

F'te :R; 3 = (1 Fenys Fe) € 8§’~21HA/(R)H and T F e : R ;3 = (y1 +F exy2 F
e) € SA,_Q [A'(R)] for j; < k.By unfolding (y; + e, y2 F €1) € 8’“,‘21[[A’(R)ﬂ, we know that if
)/1 + €1 .U:]l ri then }/2 F €1 U* ri2 and (}’11,}’12) € (Vk_j [[Rﬂ Where |r11 - 7’12' < A,'Zl

Also, by unfolding (y; F ez, y2 F e2) € Sk I [[A R)]] ify; e |2 1y theny, ey | 1
and (ry1,r92) €V ,fé:_]z [R], where |ra; — rs| < A”-3s.

Then ify; ey * e, i+t riand ys ey ¥ ey e+t ry, where r| = riy * ryp and r) = ryp * 53, we
have to prove that (1], 7)) € q/(VA,_£<_ZJZ+Zl )[[R]], ie. |(ri1oro1) = (rig % r0)] < AV-co(3) + 2).

Notice that A’-00(2; + X,) = co(A’-(21 + 23)) = s. There are two cases to analyze, where if s = co
then the result holds immediately. Let us suppose that s = 0. Then by Lemma C.1, A"-(3; + X,) =
A’-31 + A’-3, also notice that |r;; — rip| < A3 and |ry; — ro| < A2, then 0 < A’ and
0 < A’-X,. Therefore if A3 + A”-%; = 0, then A’->; = 0 and A’-2, = 0. This means that r{; = r,
and o1 = I'22, thus ri1 * g1 = I'1g * I'pg, |(7’11 * 7'21) - (712 * rzz)l =0, and the result holds. <

Case (4) F,A Fe < e :B 3 00(21 +22)

SuBPrROOF. We have to prove that Vk, V(y1, y2) € gg, [T, (y1Fer < enya ke < e) € EX
for A’ E A. By induction hypotheses
Tk e : R ; 21 = (}/1 e,y F 61) (S 8§,21[A/(B)ﬂ and T + ey R ; 22 = (}/1 ey F 62) €
A/_le [A'(B)], for some j; < k. By unfolding (y; F e1, )2 F €1) € 8",,21 [A'(B)], we know that if
yi ke ' rigthenyy ey |* 1y and (ryq, 112) € (VAk,Téll [R], where |ri; — ria] < A3,
Also, by unfolding (y; + ez, y2 + e2) € (VAk_élz [AN®)], if y1 + ex 2 ro then y, + ey [* 7
and (r1, r22) € (Vk i [R], where |rs; — raa] < A"-3s.
Thenify; Fe; < e UJ’“Z“ by and y, + e; < e, [[/172%1 by, where b; € {inl tt,inr tt}, we have
to prove that (b, by) € V3 /) [B].
Notice that A"-co(2; + %) = 0o(A’(21 +X5)) = s. There are two cases to analyze, if s = co or s = 0. If
s = coand by # b, then the result holds immediately. If s = co and b; = by, let us suppose by = inl tt
(the other case is analogous), then we have to prove that (inl tt,inl tt) € (Volifhfjrl[[unitﬂ,
but this is direct as (tt, tt) € q/o]f,_jl_“_l[[unit]]. Let us suppose that s = 0. Then by Lemma C.1,
A3+ 2y) = N3 + A'-3q, also notice that |r;; — rip| < A2 and |ry; — 12| < A’-3,, then
0 <AY;and 0 < A’-3,. Therefore if A’->; + A’-3; = 0, then A’->; = 0 and A’-2, = 0. This means
that r11 = r12 and ro1 = ry, thus 11 < ry; = 115 < r2. Then by = by, let us suppose by = inl tt (the
other case is analogous), then we have to prove that (inl tt,inl tt) € (Vok_h_“_1 [unit], but this
is direct as (tt, tt) € (Vok_jl_jz_1 [unit]. <
Case(5) ;A Fx:7;x
SuBPrROOF. We have to prove that Vk, V(y1,y2) € Qg, [T], (1 F x,72 F x) € 8’5,.)( [A'(7)], where
T = F(x) for A’ € A. Notice that A"-x = A’-1x = A’(x), therefore we have to prove that (y; + x,y2 +

x) € AASA Y (T(x)]- But y; + x ' y1(x) and y» + x ||! y2(x) therefore we have to prove that

(%) ol
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(r1(x), y2(x)) € WA",(’;) [A’(C(x))]. The result is direct as by definition of (y;, y2) € Qi‘, [T], we know

by weakening that (y1(x), y2(x)) € (VAk,(_xl) [A(T(x))]- <
Case (6) T; A F X (x: 7y-51). € = (2 71-51) LN Ty ;D
SuBPrROOF. We have to prove that Vk, ¥(yi, y2) € Qi‘, [T,
N FAxes). ek A s). ¢) € 8K [A (i) AN N (zp)], for A" C A..
Notice that A"-@ = 0, that A’((x : 71-51) 2, 1) = (x : A'(11)-s1) A2, N'(13) (as x ¢ dom(A")),
and that lambdas reduce to closures, therefore we have to prove that

s , S , - ) R )
(X mos1). €y (X (x 2 7os1). € y2)) € VE (e : A (1y)-51) ——— N (1)]-
Note thatas T, x : r; A+s;x - e’ 1 10,2 +s’xand (y1, y2) € gg, [T], then dom(="") € dom(A’), there-
fore A’-3" € sens (the result is a scalar). Consider s” < s;, v; and v such that (v, v,) € V7, [A(1)]

for some j < k. We have to prove that (y;,x = vy Fe',y2,x > vy Fe') € 81-\7_12,,“,3,, [s”x(A'(12))]-

Notice that by Lemma C.2 s”'x(A'(r2)) = (A" + s”x)(12), therefore we have to prove that (y1, x —

v ke, x> v ke)E 81\7_12,,“,3,, [(A” + 5" x)(12)].

By induction hypothesison I', x : 75 A + s1x F e’ : 72; 2" + s'x, and choosing ¥ = A’ + 5" x, we
’ o ’ o j—1 ’ 7 o ’ i—1 .

know that ¥y, y,.(y/.y;) € G4, [[.x: o] then (y F ¢’,y, - e’) € 8129(»(2”-%—5’)() [2%(z,)]. Notice that

X +5'x) = (A +5"7x)(2 +s'x) = N2 +5's”". Therefore we know that

(e ysre)e &l [(A + s x)(z,)].

NS bt s . '
As (y1,12) € gg, [T], and by Lemma C.10 (y1,y2) € gi,_l[[l“ﬂ, also (v1,v,) € (VSJ,,_1 [A(71)], and
A'(r1) = (A" + sx”")(r1) (as x is not free in 77), it is easy to see that (y;,x — vy, 2, X > vy) €

G Tjs,,x [T, x : 71]. Finally, the result follows by choosing y/ = y1,x = vy, and y; = yo, x > v, <

Case (7) T; A X(x : 1y-51). € = (x : 71°51) Zsx, 7552
SuBPROOF. We have to prove that Yk, V(y1, y2) € G [T1,
(i F A (x:1es1). €, y2 - X(x i 1ys1). €)) € 81‘,_2, [A(71-51) AT, A'(1,)], for A’ T A..
ey A s g

Notice that A’((x : 71-51) 2R, ) = (x : A(11)-s1) RN N (1) (as x ¢ dom(A\")), and that
lambdas reduce to closures, therefore we have to prove that

s , s , - ) NS )
(A (x s tresy). €/, y1), (A (x  7yes1). €/, y2)) € (VAkf.zlr[[(X s A'(1y)-51) — 54 ()]
Note that as I, x : ;A + s;x F € @ 1552 + 3 + s’x and (y1,y2) € g’;, [T], then dom(2”) C
dom(A\"), therefore A’-X"" € sens (the result is a scalar). Consider s” < s;,v; and v, such that

(v1,09) € (Vs] [A’(1)] for some j < k. We have to prove that (y;,x — v F e/,y2,x > vy Fe) €

8£7412”+A’<Z’+s’s” [s”"x(A’(12))]. Notice that by Lemma C.2 s"'x(A’(12)) = (A" + s”'x)(z2), therefore we
have to prove that (y;,x > vy F e/, y2,x > vy F €') € 81A7~1Z”+A’~Z’+s’s” [(A" + s"x)(r2)].

By induction hypothesis on T, x0T A+six ke’ 12" +2" +5'x, and choosing XX = A" +5"x, we
know that Vy/,y,, (v, v;) € g;l [[,x: 7] then (y, F e’ y, +e) € 812;1_(2,,+2,+S,X) [2%(r2)]. Notice
that X0 (X"7 +3" +5'x) = (A" +5"x) (2" + 3" +5'x) = A2 + A"-3 +5's”. Therefore we know that
(1 F ey ) € Bty [0+ 5] |

As (y1.y2) € GN[I], and by Lemma C.10 (y1,y2) € gi,‘l[[r}], also (vy,v,) € (VSJ,,_I[[A’(Tl)]], and
A'(r1) = (A" + sx”)(r1) (as x is not free in 7), it is easy to see that (y1,x — vy, y2,x > vy) €
gf,‘js,,x [T, x : 7;]. Finally, the result follows by choosing y = y1,x = vy, and y; = yo, x = v, <

Case (8) T; A+ (X (x : 7y-51). €/,y) : (x & 71°51) N Ty ;@
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SUBPROOF.
ar’, Aj, dom(=") € dom(I'") € dom(A()
Vx; € dom(T"), @;@ + y(x;) : tf, 7] <:T'(x;); @ I x:mAj+six ke i 37 +s'x

TiA (X (x:1ys1). €, y) s (2 [@)x1, ... @) Xp ] T1051) LA (@/x1,...,@/xn]12 ; @
By induction hypotheses on Vx; € dom(I"), ;2 v+ y(x;) : 7{; @, we know that, (y(x;), y(x;)) €
(Vok’l[[Q(Ti’)]], and by C.10 {y(x;), y(x;)) € (Vok’l[[g(l“’(xi))]]. Therefore (y,y) € VX1[I'], and by
Lemma C.11, (y,y) € (Vé[[l"’]] forj < k.
Notice that A'([@/x1, ..., @/x,]11) = [@/x1, ..., D/xp]T1 = D([(D/x1, ..., B/ xn]T1), N ([D/x1, ... D/ X1 ]T2) =
[2/x1, ..., @/ xn]12 = @([D/x1, ..., D/ Xn]T2), as 71 and 7, have no free variables. We have to prove that
(X (x = tesy). e/, y), (X (x s 1p0sy). e/, y)) € ”Vok[[(x s [@/x1, .., @)xp]11051) 2 (D/x1, ..., D[ %] T2].
Notice that if we choose A" = 0xy, ..., 0x,, we can use that same A’ in the induction hypothesis of
I, x ;A +six ke’ 1 1y ; 2 + s'x, and then we can use the same analogous arguments of the
previous case and Lemma C.10 to conclude the result. <
Case (9) I;A ke ep: [Zo/x]ry ; 21+ 82, + 27
SuBPROOF. Notice that A’-(3; + s, + X)) = (A”-2 + s(A'-35) + A’-X"), for A T A.
We have to prove that Vk, Y(y1, y2) € GE[T]. (y1 €1 ex.y2 F €1 €2) € 82’-21+3(A’-22)+A’-2” [A([Z2/x]72)],

. . i .7 * ./ ’ ’ k—j ’
ie.ify; Fe e [/ o] theny, ey ey | v}, and (v],v)) € V ’~é1+s(A’~22)+A’-Z” [A([Z2/x]72)]-
By induction hypotheses we know that
2// Z//
T~ e : (x . Tl) i) T2 21 = (}/l F eq, Y2 F 61) € SIAC’-ZI [[A’((x : Tl-s’) i) ‘['2)]] and

_ 3
Trey:m ;3= (1 kexnysbe)e gk=n [A’(11)] for some j; < k. As A'((x : 718") LN ) = (x:

AP
A/(Tl),s/) ﬂ) A’(Tz), by unfolding (}/l F €1, Y2 F 61) € S/Ii“?,l [[(X : A’(Tl-s/)) AZJ) A’(TZ)ﬂa

we know that if y; F e; [/ (A(x : 7). e, y)) theny, ke " (Alx : 7). e), ;) and
N -3 +sx

(G ). e (2 s maes’). ehyp)) € VI [ M) 5 N(m)] (1).

k—j ’ ’ 5 : ¥
A/_QZHA (r:s)], if y1 + ez I vy thenys Foes " vy

Also, by unfolding (y; F e,y F e) € &
and (v1,v) € V5 272 [A ()]

As A\’-3, € sens, we instantiate (1) with s’ = A’-3, (we know that s < A-3, < s’), then

(y{[x = vi] Fel,y[x = 0] Fe)) € 82:121:2,__12,,“&,'22)H[A’~Zz/x]A’(Tz)ﬂ. But A2 + AX +
s(A"-35) = A3 + s(A-35) + A”-X”, and by Lemma 7.5, [A"-2,/x]A'(12) = A'([22/x]13), therefore

({lx = vl kel ylx > v] k) € ag,-_gl;f;(-;,,w,_z,, [N ([Za/x]w)], ie. if y/[x > o] + ] |

v}’ then yj[x > v;] + €; ||* v}, and (v]',0)) € (Vlig‘l;f(;{"gzl)JrA,_zﬂ [A([Z2/x]72)]. But notice that
by are:

yi ke It (Ax. %)) y1 ke 2 o Yilx > v] ke | V]

j1+j2+j3+1 7
n ke e UJI J2tJ3 V]

and
ya ke " (Ax. es,y5) votke " vy Yilx vlre "o

P
Yarer e " v

for ; € {1,2}. Notice that j = j; + j» + j3 + 1, and by premise y[x — v;] + €/ |l v/, we know that
v;" = v; and the result holds immediately. <
Case (10) T; A F tt:unit; @
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SuBPROOF. We have to prove that Vk, ¥(y1, y2) € gf, [T], (y1 F tt,ys + tt) € Sku@ [A(unit)], for
A" E A. Notice that A-@ = 0, X(unit) = unit, and y;(tt) = y2(tt) = tt. Then we have to prove
that (tt, tt) € V[unit] which is direct. <
Case (11) T; A+ inl® ¢’ : 1y R )

SuBPROOF. We have to prove that Vk, V(y1, y2) € gg}, [T], (y1 + inl™ e/’, va inl™ ¢’) € &5 [A(y
)], for A’ C A. Notice that A”-@ = 0, and A'(r; ' @% 1) = A'(1;) > @" A’(1,), then we have to
prove that

(r1 + inl™ ey, + inl® ¢') € EF[A () Y @° N(r)], ie. if y1 + inl® ¢ |V v; theny, F
inl® e’ |* vy, and (v, vy) € (Vokfj [A' () ¥ &% N(z)].

By induction hypothesison I' + e’ : 7; ; 2"/, we know that

(r1+e,yatke) S &K, [N ()], ie ify; - e’ |V v, theny, + e’ ||* v} and (v],0}) € yk- E 7 A ()],
Ify; - inl® e’ |/ v; and y; + e’ |I* v, then by INL, v; = inl™ v]. Then we have to prove that
(inl® of,inl® v)) € Wok_j[[A’(rl) N2@0 A'(ry)], ie. that (v],v)) € (VA,_é,,+O[[A’(T1)H, but as
A3 +0 = A"-X", the result holds immediately. <
Case (12) ;A Finl? ¢ : 1y Y'@% 1 3/

SuBPROOF. We have to prove that Vk, V(y1, y2) € le, [T], (y1 + inl™ e:, r2 kb inl? ¢’) e K . [A(n
)], for A’ C© A. Notice that A’-@ = 0, and A'(r; * &% 1) = A'(1;) ' *"@" A’(1,), then we have to
prove that

(y1 F inl® e’ yy F inl™ €’) € SA, o [A(11) ) M@0 A(ny)], ie. if y1 F inl® e’ ||/ v; then y, F
inl® ¢’ ||* vy, and (v1,vy) € (VA,_é, [A" () ¥ @° N(1)].

By induction hypothesis onT+e :7; Z” + ', we know that

(1 + ey, F ) € EF [A'(r)], ie. if y1 + ¢ |/ o], theny, + e’ |I* v, and (v],v}) €

Voo [N @I

N(3+3)

NS+ |
Ify; - inl® ¢’ ||/ v; and yl r e’ |I" v}, then by INL, v; = inl™ v/. Then we have to prove that
(inl® »],inl® v)) € AR . [[A ) Y@ A'(ry)], ie. that (v],v;) € (VAk, é”m/ 5 [A(71)], but as
AN (2" + Z )=ANZ" + N Z' the result holds immediately. <

Case (13) ;A Finr® e’ : 1y 2@ 1, ; @

SuBPROOF. We have to prove that ¥(y1,y2) € GN [T]. (y1  inr™ ¢/, yp k inr™ e’) € 8K, [A(r, @
175)], for A’ T A. Notice that A’-@ = 0, and A'(z; 20> 1,) = N(r;) “@™"*" A’(r,), then we have to
prove that

(y1 F inr™ ey, Finr® ¢’) € EF[A () @M N(r)], ie. if yi F inr® e |V v; theny, F
inr? e’ ||* vy, and (v, v) € (Vok_j[[A’(ﬁ) 0" A'(z,)].

By induction hypothesison I + e’ : 7 ; 2"/, we know that

(y1re,y2re)e 6A, Y Tz)ﬂ ie.ify; Fe' |/ o], theny, e’ ||* v} and (v],v)) € yk z,,[[A )]
Ify; Finr® e’ |V v;and y; F e’ |I* 0/, thenby INR, v; = inr™ /. Then we have to prove that
(inr™ of,inr™ o)) € "Vok_j[[A’(rl) '@ A'(ry)], ie. that (v],v}) € VI [IN()], but as

0+A7-3
0+ A-X" =A"-Y", the result holds immediately. <

Case (14) T; A+ inr® ¢’ : 1y 20> 1, ;3

SuBPROOF. We have to prove that V(y1. 1) € GX [T]. (y1 + inr™ ¢/, o + inr™ ¢') € 8K, [A(r 2™
1,)], for A’ C A. Notice that A’-@ = 0, and A'(1; ?&>" 1) = A'(r;) @™ >" A’(1,), then we have to
prove that

(y1 Finrte’,yp Finrt e’) € A, z,[[A ) @ N(r)], ie. if y; + inr® e’ ||/ v; then y, +
inr® ¢’ |I* vy, and (01, 05) € VAL [A(x ea“" N (12)].
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By induction hypothesis onT+e 1 ; 2" +3, we know that
(1 + ey, + €) € EF [A'(r)], ie if y1 + ¢ |/ o], theny, + e’ |I* v, and (v],v}) €

k-j ’
(VA/,(jZ//+2/) [[A (TZ ]]'

Ify; Finr® ¢’ |/ v; and y, [ e’ |I" v}, then by INR, v; = inr™ /. Then we have to prove that
(inr® of,inr® o)) € VL[N () '@ N(ry)], ie. that (0], 0) € VEL o [N ()], but as
N2 + Z )=A"-3" + A3, the result holds immediately. <
Case (15) T;A F case e; of {x = e} {y = e3} : [Z1 + Z1/x]o U [Z1 + 2io/ylrs s 21 U ([Z) +
S1/x]Ez + s20) U [Z1 + 212/y] (25 + s3y))

SuBPrROOF. We have to prove that for any k, ¥(y1, y2) € gg, Ty,

(y1 + case e; of {x = ey} {y = e3},y2 F case e; of {x = e} {y = e3}) € SZ, s [N ()], for
A’ C A, where

57 = 5 U([Z1+ 20 /x](Za +s2x)U [Z1 +212/y](Z3 +53y)) = S U((s221 +5221122) U(s321 +532122)),
and 7’ = [Z1 + 21 /x]n2 U [Z1 + Z12/y]73.

By induction hypothesis on I'; A + e : 741 Zng¥e , : 3, we know that

(r1+eny:Fe)e SIA‘,,ZI [N (11 21 @12 115)],1e.if y1 + €1 I vy, theny, F ey [|F vipand (v, v12) €
(Vk_j1 [A/(z17) 2 >1@™ % A'(1y5)]. Either vn = inl v/, and vy, = inl v],, v;; = inr v}, and
or vy; = inr v, and vy; = inl v],. We proceed

N (343

viz = inr v],, vy = inl v, and vy; = inr v;
by case analysis on (v11, v12):

Case (a) (vi1,v12) = (inl 0], inl v],) (the case (vi1,v12) = (inr o], inr v},) is analogous)
SuBPROOF. By Lemma C.1 A"-3; + A"-3y; = A’-(3; + 3y;), then (0], v],) € (VA'_]zllJrz“ [A (z11)].
Also, by induction hypothesis on T, x : 731; A + (A-(Z1 + Z11))x F €3 : 72 ; 22 + s2x, by choosing
A"+ (A1 +Z11)x EA+ (A(Z1 + Z41))x and k = k — j; (and by weakening lemma C.11)

nilx = vl ylx - v,]) € Qf,_f&,l(zﬁzn»x[[l“ x @ 711] (note that x ¢ dom(%;) U dom(31y),
therefore (A" + (A"-(Z1 + 211))x)(111) = (1'11)) we know that

()’1 [x = Z)12] ke, }/Z[x = Uzz] F 62) € S(A’ (N -(Z1+311))x)- (Zg+92x)[[(A/ + (A"(Zl + le))x)(TZ)]]'

But (A/ + (A/ (21 + 211)))(') (22 + Szx) hy 22 + Sz(A (21 + 211)) = A/'(Sz(zl + 211) + 22), and by
Lemma C.2 and because A’-(21+X1;) € sens, then (A +(A"-(Z14+211))x)(12) = (A (Z1+211))x(A'(12)),
and by Lemma 7.5 (A"-(21 +211))x(A'(12)) = A'([Z1+211/x]1,). Therefore if y; [x +— v],] F e, 172 vy,
then y,[x = v),] F e3 |” 25, and

(v21,V22) € (Vk_jl_jz )[A/([El + le/x]fz)]]-

F(s221+52211 420
By following the CASE-LEFT reduction rule:

12°

yi ke It inl o) yilx = o)1+ e 72 vy

Y1+ case e; of {x = e} {x = es} |12 vy
and
Y2 ke " inl o, Yelx = v,] ey I v

Y2 + case e of {x = e} {x = e3} |" vy

for i € {1, 2}. Then we just have to prove that

(21, v22) € VE (jllujisjzﬁsﬁ“+22)u(3321+33212+23)) [A([Z1 + 211 /x]r2 U [Z1 + 212/y]73)]. Notice that by
definition of the join operator (s;21 + 53211 + 22) <: (5221 + 52211 + 22) L (5321 + 53212 + 23), also
(3221 + 521 + 22) (] (8321 + 53219 + 25) <: 2 u (5221 + 53211 + 22) L (5321 + 53212 + 23) therefore
by Lemma C.12 A/'(Szzl + 5211 + 22) < A/'(Zl ] (5221 + 5521 + 22) ] (3321 + 5321 + 23))

Also [21 + 211 /x]m <: [Z1 + 211 /x]m U [21 + 215/y] 73 therefore by Lemma C.6,

AN ([Z1 + 211 /x]12) <: N([Z1 + Z11/x]7 U [Z1 + Z12/y]73). Finally by Lemma C.10,
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k=j1=J2 ’
(021, 'Uzz) [S] (VA’-(ZlI_l(3221+32211+22)I_1(3321+S3212+23)) [[A ([21 + 211/){]1’2 LI [21 + le/y]l’g)]] and the result
holds by Lemma C.11. <
Case (b) (v11,v12) = (inl o], inr v],) (the case (vi1, v12) = (inr v],, inl v],) is analogous)
SuBPROOF. Then A’-3; = oo, and the result vacuously holds.

Case (16) [; A F (er, e0) : 1y &2 155 @

SuBPROOF. We have to prove that

Vk,Y(y1,12) € QK, [T], (y1 + (ers€2), 2 + (e1,€2)) € Sk,@ [A'(r; *1&** 1,)], for A’ £ A. Notice that
A =0,and A'(1; *1&™ 1) = A'(r;) V1 &> A’(13), then we have to prove that

(1 + (eneye + (er,e) € EF[A(my) Y 5&N > A(ry)], ie. if y1 + (e1,e2) I/ (vi1,012) and
V2 b (e1, e2) I (021, v22), then (011, v12), (V21, V23)) € (Vok_j [A/(zy) 21 &2 %2 A'(1,)], or equivalently
(V11,5 021) € Vo, 5 [ ()], and @12, 02) € Vi i [A (7))

By induction hypothesison ' Fe; : 77 ; 2y and I' - ey : 72 ; 22, we know that (y; F eq,y2 F e1) €

82,.21 [A'(z1)] and (y1 F ez, 2 F €2) € 8’5,22 [A’(r,)] respectively. This means that if y; F e; |1 vl
and y; e [[/' 0], then (v],,v],) € (Vk_éll [A’(r1)], and that if y; + e; |2 v}, and y2 + e, [ 0,
then (v;,,v),) € (VAk,TéZZ [A’(z2)]. As reduction is deterministic, then j = j; +j, and v]; = vij, therefore

as 0 + A’-X; = A’-%;, the result holds immediately by Lemma C.11.
<

Case (17) T; A + (eg, e0) : 11 &% 1y ; Uy
SUBPROOF.
[AFe 152 + 3] TAFe 1530 + 3

T;AF (e, e0) i1y & 133 3 USY

We have to prove that

VEY(r1v2) € GRITL (1 F (e e2) vz + (er€2)) € Sﬁ,_(zyuzg)[[A’(rl Y& )], for A’ T A. Let
d/ = A3 and d/ = A’-X!'. Notice that A"-(X}/ UZY) = d}’ Udy, and A'(r; *1&” 1) = A'(1;) h1 &%
A’(13), then we have to prove that

(}/1 F (61,62), Yo F (61,62)) € as{ﬁdé’[[Al(Tl) dl&dz A’(TZ)]], ie. if Y1k (6’1,62) U,] (7)11,1)12) then Yo F

. k—j ' o d!
(e1,€2) U* (a1, v22), and ((v11, V12), (v21, V22)) € V. ;’ujd;’ [A'(ry) h&% N ()]
By induction hypothesison I' + e; : 77 ; X + X and T + e; : 7o ; 2} + X}, we know that

(y1+eny2ter)e 8§{+d;’ [A'(r1)] and (y1 F e, y2 F €2) € 85;%; [A’(z)] respectively. This means

: j % k-j . ;
thatif y; + ey [/ o], theny, k ey ||* v}, and (v],,v],) € V i+]01—'{’ [A’(r1)], and that if y; F e, [[72 0},

then y, + ey |I* v}, and (v}, v;,) € (V’;Zg [A’(7,)]. Notice that d” < d]’ U d;. As reduction is
deterministic, then j = j; + j» and v;j = v;;, therefore as 0 + d] + d!’ = d] + d’, the result holds
immediately by Lemma C.11.

Case (18) I; A+ fste' : ;27 + 3

SuBPROOF. We have to prove that for any k, V(y1.y2) € GL[T].(y1 + fste',y, b fste') €
8§'~(2"+21)[A/(71)ﬂ’ for A’ C A. By induction hypothesis on T ¢’ : 7; *' &> 7, ; 3"" we know that
(r1 Fe,ypre)e S/Ii,_z,,[[A’(Tl ng* )], ie if y1 ke’ | (v11,v12) then yo F e [|* (va1,v22),
and ((v11, v12), (Va1, U22)) € (VAk,g,, [A/(zy) 21 &M %2 A'(z,)], or equivalently

(V11,,V21) € (foénw.zl [A'(r1)], and (v1z,, v22) € (VAk,__é‘,,M,_zz [A"(z2)].
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Following the projl reduction rule, if:

nre Uj (v11, v12)
Y1 F fst e' Uj V11

and
Yo e U" (a1, v22)

Y2 F fst 6/ .U.* V21

Then we have to prove that (v;1,vs;) € k= +zl)[[A’(rl)ﬂ, but as by Lemma C.1, A"-(2" + ;) =

Ar_(zu
A"-3" + A’-31, the result holds immediately. <
Case (19) snd e’ : 11 ;2" + 3,
SuBPROOF. Analogous to previous case. <

Case (20) T; A F {eg,e0) : 1y @™ 15 ; @

SuBPROOF. We have to prove that ¥(y1, y2) € GN [T]. (y1 F (er,e2). v2 F (e1,e2)) € EX, [N/ (1 1 @™
)], for A’ C A. Notice that A’-@ = 0, and A'(r; *'®%* 1,) = A'(1}) N2 @h %2 A(1,), then we have
to prove that

(1 F e, e2), y2 b er, e2)) € EF[A (1) N2@N % N/(1y)], ie. if y1 F (e, e2) [ (011, v12) then ys F
(e, e2) U™ (a1, v22), and ((vi1, v12), (21, V22)) € (Vok_j [A/(r) ¥ 1@ % A'(1,)], or equivalently
(v11,021) € Voli}.zl [A(z1)], and (v12, v32) € (Voli_Ajr.zz [A(z)].

By induction hypothesison ' Fe; : 77 ; 2y and I' F ey : 72 ; 22, we know that (y; F eq,y2 F e1) €

’

8;21 [A'(z1)] and (y1 F ez, 2 F €2) € 8’5,_;2 [A’(z,)] respectively. This means that if y; + e; [[/* v,
then y, v e; ||* 0], gnd (v],,v),) € ‘Vk_éll [A’(71)], and that if y; + e, |72 v}, then y, F 5 |* v,
and (v}, v},) € ‘VAk,TéZZ [A’(z2)]. As reduction is deterministic, then j = ji +j» and v]; = v;;, therefore
as 0+ A"-%; = A"-3;, the result holds immediately by Lemma C.11.

<
Case (21) T3 A+ (e, e0) = 11 Z1@™ 155 37 + 3
SUBPROOF.

ARe 73]+ 3] TAFe ;30 + 3,

A - (61,62) LT 21®22 T2 5 Zi’ + Z;’

We have to prove that

VE, Yy, 12) € GEITL (11 F (ensea)ya + (e1,e2) € 8§'~(2;’+2;’)HA,(71 Zi®@% 1)), for A’ © A. Let
d/ = A3/ and d = A’-3/. Notice that A"-(3} +3) = d/’ +d}/,and A'(r; "1 @™ 1) = A(1;) “@%
A’(13), then we have to prove that

(r1 + (e1,€2),y2 F (e1,€2)) € 8§£/+d;,[[A'(T1) h@h N(rp)], ie if y1  (e1,€2) I/ (vi1,v12) then y, +

* k—j ’ ! d,
(e1, e2) " (va1, v92), and (11, V12), (v21, V22)) € V. ;’jdg [[A (1) Qe A'(Tz)]]'
By induction hypothesis on T' + ¢; : 7y ; 2/ + X and T + e; : 7o ; 2 + 3}, we know that
(yiFenyste)ce 8§{+d{, [A'(r1)] and (y; + ez, 72 F €2) € 8§§+d;’ [A’(r2)] respectively. This means

thatif y; ke; [[/' 0], theny, + e; ||* v/, and (v],,v],) € k=i [A'(71)], and that if y; F e, [ 0],

vd)
then y, + e; |* v}, and (v},,v},) € ‘V’;J;é, [A’(r2)]. Notice that d! < d{’ + d)’. As reduction is
deterministic, then j = j; + j, and v;j = vj;, therefore as 0 + d] + d!’ = d] + d’, the result holds

immediately by Lemma C.11.
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Case (22) F,A Flet X1, X2 = €1 in ey [Zl+211/x1][21+212/x2]72 ; 81(211+21)+32(212 +Zl)+22
SuBPROOF. We have to prove that for any k, Y(y1,y2) € g,ﬁ [T], (y1 + let x1,x3 = e; in ez, yo +
let X1, X2 = €1 in 62) € SIAC,.(Z,,)[[A/(T)]], for A’ C A. where X" = 51(211 + 21) + 82(212 + 21) + 22.
Suppose

yi ke ' (i, v1) yilx: = o1, 30 - vp] Foep |2 0]

y1+ let x;,xy = e; in ey 1271 o]

By induction hypothesis on T; A F e; : 7, ' ®% 715 ; %; we know that
(1 Fenya ke € 8y [A (@™ my)], e if yi ke 1 (011, 012) then yy F ey I (031, 022),
and ((v11, v12), (v21, V22)) € (Vk_éll [A(r11) 2 "1 @™ 12 A'(115)], or equivalently

ki' ’ k7 ’ ’
(v11,021) € (VA/.élﬁA,,zn[[A (t11)], and (vi2,v22) € V, /.£+A/.212 [A'(712)]. By Lemma C.1 A3 +

A3 = N3 + 2q1), then (v, v12) € W§1§1+211)[A’(T11)]], and analogously A"-3; + A"-3, =

A'(Z1 + Z12), then (vas, v22) € (Vk,__(jzﬁzlz)[[A'(le)]]
Also, by induction hypothesis on T, x : 771, x : 7195 A + (A-(Z1 + 211))x1 + (A1 + Z2))x2 Fep 2 12 5
3o + $1x1 + S2X3, by choosing k = k — j;
k—j1—
(y1lx1 = 011, X2 > 1], yo[x1 = Vo1, %2 > v2]) € QA,j(A,l_(zﬁzu))m(A,_(Zﬁznm [T, x : 711] (note
that x; ¢ dom(2;) U dom(Z1;) and x5 ¢ dom(2;) U dom(Z,), therefore (A" + (A"-(Z1 + Z11))x1 +
(A-(Z1 + 212))x2)(11;) = A(11;)) we know that
’ ’ k7 144
(yl ke, Y2 F 6‘2) € 82”?(122+51x1+52xz) [[2 (TZ)H’
for y/ = yi[x1 = vit, x0 = 0], 27 = A+ (A (Z1 + Z11))xg + (A(21 + Zp2))x2.
But (A +(A" (31 +Z11))x1 + (A (31 +Z12))x2)- (B2 +5161 +52x2) = A S +51(A (21 +211)) +52(A- (B +
212)) = N (5121 + Z11) + 52(Z1 + Z12) + 22), and by Lemma C.2 and because A’-(2; + 24;) € sens,
then (A" + (A"(Z1 + Z11))x1 + (A(Z1 + Z12))x)(r2) = (A"(Z1 + Z11))x1 + (A(Z1 + 212))x2)(A(72)),
and by Lemma 7.5 (A"-(21 + Z11))x1 + (A"(Z1 + 212))x2)(A'(72)) = A ([Z1 + Z11/x1][Z1 + Z12/x2]72).
Therefore if y + e, |[? v, then y, + e, ||* v}, and
k—j1-J: ’
(v91,v92) € (VA,.(jsl(éi+le)+32(21+212)+22)[[A ([Z1 + Z11/x1]1[Z1 + Z12/x2]72)], and the result holds by
Lemma C.11. <

Case (23) ;AR (e 1) 732
SuBPROOF. We have to prove that for any k, Y(y1,y2) € Qé‘, [T, g1+ (€' = 2)y2 k(¢ = 7)) €
8&2 [A’(7)], for A” £ A. By induction hypothesis on I; A + e’ : 7/ ; 3 where 7/ <: 7, we know that

(nnre,ypare)e Sk,_z [A(2))], ie if y1 F e’ |/ v) then yy ke’ |* vy, and (v, v2) € (Vk,fé[[A'(r')ﬂ
Following the Ascr reduction rule, if:

’

yll-e’Uj o vare o

pire st PPy rere oo

Then we have to prove that (v;, v;) € (VAk,Tg_l [A'()]. As T/ <: 7, by Lemma C.6 A'(t’) <: A'(7),
and the result holds immediately by Lemma C.11. <

Case (24) T; A F X (x: 1y-d’). e = (x : 11-d") z, ;0
SuBPROOF. We have to prove that Y(y1. 1) € GX [I'],
(i X ned). ey b K med)). e) € 85 [N (x : ry-d’) 2250 A/(ry)], for A' € A.
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Notice that A’-@ = 0, and that lambdas reduce to closures, therefore we have to prove that

p ’ ’ p ’ ’ ’ ’ Az ’
(X (x:red'). e, y1), (X (x s 1-d’). €, y2)) € (Vk[[ (x : N(1y)-d") — N(12)].
Consider j < k, v; and v, such that (v, v,) € (Vé,, [A’(71)], for some d” < d’. We have to prove that
W) T [d”x(A'(r))]. Notice that by Lemma C.2
d"x(N'(r2)) = (A" + d"x)(z2), therefore we have to prove that (y;,x — v, F €/ ,y2,x = vy F
&) € Elyr i 5o [(A + A7 0)(m)]
By induction hypothe51s onl,x:7;A+d'x + e’ : 1p; X", and choosing >4 = A’+d"'x € A'+d’x, we
know that Vy/,y,. (y{,v;) € (A,+d,,x)[[F x: 7] then (y] F e,y +e') € S(A,+d,,x) o LA+ d"x)(z)].
As (y1,12) € QJ,[[F]] (by Lemma C.11), (vq,v3) € % [A'(r1)], and A'(1) = (A" + d”x)(11) (as x is

not free in 77), it is easy to see that (y;, x > vy, y2, x > v3) € Q{Awd”m [T, x : 7. Finally, the result

(yLx = v F e,y5x > vy b &) € &

follows by choosing y, = y1,x + vy, and y, = y2, X > vs. <
Let us prove now Part (2).

Case (1) T;A Feq ep: [Zo/x]m ; 121 + [Z2/x]Z”

SusPrOOF. We have to prove that

Vk, ¥(y1,y2) € GX[T], for A’ € A, then (y; F ey ez, ¥z F e ep) € 8’&,_2 [A([Z2/x]72)].

By induction hypotheses we know that

I;A e :(x:-d) L ;2= (1 keLy2ker)€ 81&"21HA'((X cr-d’) z, 1) and

DiAve it ;2= (1 keny2ke)€ 8/1;—1212 [A ()]

As N((x : 7y-d) = 1) = (x : A(r1)-d") “—» A'(zy), by unfolding (y1 - er,yz - er) € 8K, 5 [(x :

N (ry)-d") Az, N'(12)], we know that if y; + e; |1 (X(x : ). el,y;) theny, + e | X (x -
71). e, y,) and

i N-Z”
(X (x:m). ey (X (x 1) ehyy)) € ‘Vk, 2 [[(x : N(ry)-d') — N ()] (for d” >=d’) (1).
Also, by unfolding (y; F ey, + e) € & s [[A )], if y1 + ex |2 vy theny, + e | oy
and (v, v5) € V ,._é‘z_]z [A (z1)]-
By p-app we know that A-3, < d’, as A’ C A then A’-3, < d’. Then we instantiate (1) with
d"" = N'-3,, then for some j; < k — j; — js
(Y{[x = vi] kel ylx = v] ke e 8{2, 3 [ (A A S [(A"-Z2x) (A (12))] (2).
Suppose A’+]2;[* = 0 (otherwise the result follows immediately). Then A’-X = A’+([Z,/x]Z").
Also as A’ C A, and x ¢ dom(A), then by Lemma 7.4, A'«([2,/x]X" = ((A"-3;)x)(A"-L") =
(A" + (A"-Z2)x)-L". By Lemma 7.5, [A"-2;/x]A'(r2) = A’([22/x]72), then by (1) and weakening
(Lemma C.10) (y{[x > v;] F el,y;[x = ;] + e)) € &), + [A'([Z2/x]75)] (3). The result follows by
Lemma C.15.

<

Case (2) ' ; A+ case e; of {x = ez} {y = es} : [Zu/x]re U [Z12/y]rs 5 121 U [Z11/x] X2 U
[Z12/x]E5
SuBPROOF. We have to prove that for any k, ¥(y1, y2) € G& [I], for A’ £ A
(y1 +Fcase e of {x > e} {y = e3},yoFcasee of {x > ey} {y=e3}) € 8’A‘,‘Z[[A’(r)ﬂ.
By induction hypothesison ' ; A + e; : 741 g 1, %, we know that
()/1 FewysFep)e€ SIA‘, 5, [N/ (11 P11 @12 1)), 1e.if y1 + €1 7' 01y, thenys F ey [|F vipand (v, v12) €

‘h L ) A 2n@h 2 Al(r,)]). Notice that A’-Z = A*]31 [ L A/«([Z11/x]Z5) U A/+([Z12/x]Z3).
If A’ '|Z |"’0 = co then the result is trivial and holds immediately. Let us suppose that A’-]>;[* = 0,
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then this means that A’-3; = 0, i.e. either vy; = inl v, and v, = inl v{,, or v; = inr v], and
V1 = inr U’

Let us suppose that (v, v12) = (inl v{, inl v],) (the case (vi1, v12) = (inr v],, inr v;,) is analo-
gous). By Lemma C.1 A"-%; + A"-3q; = A-(Z1 + 3qy), then (v], v;,) € VA’_(1211+211)[[A,(T11)H'

Also, by induction hypothesis on T', x : 711; A + (A-(C1 + 21q))x F ey 1 1 5 Zz, by choosing
N+ (A (21 + Z)x € A+ (A1 + Za)x, (e o o) Lyelx o v € GE 2 oo [Tt ]
(note that x ¢ dom(21) U dom(21,), therefore (A" + (A (21 + 211))x)(1'11) = A’(r11)) we know that
(nlx = o] Fenylx—v),]re) e (A,f(A,,(zﬁZ“))x),zz[[ (A" + (A-(Z1 + Z10))x)(12)].
But A’ 21 =0, therefore (A/ (A/ (21 + 211)))(')'22 = (A/ + (A/'le) ) Zz, and A\’ (Zl +le) = A’-Zn,
and by Lemma C.2 and because A’-3; € sens, then (A" + (A"-311)x)(r2) = (A”-211)x(A’ (1)), and by
Lemma 7.5 (A"-211)x(A'(12)) = A ([Z11/x]12).

Then by weakening lemma C.10 we know that

(1lx = v, ] Feg yalx = v),] Fep) € B(A,+(A, DL, [A’([Z11/x]7)]. Notice that by Lemma C.8,
Zz <: Zgl_l}:g,andthenby Lemma C.13 (A +(A’ le)x)-):g <: (A/+(A/'211)X)’Zz|_|(A’+(A,'212)X)'Z3.
Also by Lemma C.9 [2q;/x]1y <: [211/x]72 U [212/y]7s, therefore by Lemma C.6, A'([211/x]12) <
A'([Z11/x]m2 U [Z12/y]73). Once again by Lemma C.10, (yi[x + v],] F ez, yo[x > v),] + e3) €

/Ii, g [A’(7)] (3). The result follows by Lemma C.15.

Case (3) T'; A+ return e, : [@/X]r ; FP®(x), where x = FV(e;) U dom(Z;)

SuBPROOF. We use notation FP®(e;) to stand for FP®(x). We have to prove that for any k, Y(y1, y2) €
G [T]and A’ E A, (y1  return ey, y; F return e;) € SA, (151 [ +FP (e »[[A ([2/x]7)].

Note that A’FP®(x) is either co or 0. If A’FP*(X) = co then the result is direct by Lemma C.14. Let
us assume that A"-FP*(x) = 3, ccoqp(z) P = (0,0).

By induction hypothesis on T; A + e; : 7 ; 31, we know that (y1 + e1, y2 + €1) € Epx, [A(7)], Le. if
yi+e |/ vy, theny, ke |I* v, and (v, v;) € (VAk,fél [A’(7)]. Notice that 1>, [* = 0 and FP®(¢;) = 0,
then FV(e) = @. This means that by Lemma C.16 v; = v;.

1 when X =10 {1 when X = 0y
Let Dy = Ax. {0 otherwise and D, = Ax. 0 otherwise

that D1(S) < D,(S). If v; ¢ S then the result is trivial as D{(S) = 0 and 0 < D,(S) . Let us suppose
that v; € S, then as v; = v,, we also know that v, € S, thus D{(S) = 1, and D,(S) = 1, so the result
holds.

. We have to prove

Case (@) T ;A rx:miee ey : [@/x]r; L1+ Xy

SuBPROOF. We have to prove that for any k, ¥(y1,y2) € GF [I'], for A’ C A it holds that
(y1Fx:Tieer;enys FX:Tie;;e) € SIAC’-(Zl+[®/x]Z2)[[A,([Q/X]TZ)H'

By induction hypothesison T ; A+ e; : 77 ; X1, we know that

(y1Feny:tep)e€ SIAC/'XJIA,(TI)H’ ie. let (e1,01) = AL, VS C val(x), for k" < k,if y; F e Uk/ D,
then Yo Feq .U.* D,, and Dl(S) < eelDz(S) + 51 (notice k" > 0)

Similarly, by induction hypothesison T',x : 71 ; A + 0x + e : 75 ; £, for all (ylj, Yz]) € Q/\,

71, for some kj’.’ <k-k’"and A" + 0x C A + 0x, we know that (YU F ey, y2j Fey) € akA’fOx) 5, (A
0x)(r2)]- Let k" = max(kj'.’). Notice that by Lemma 7.4, (A" + 0x)-X, = A’-([@/x]X;) as x ¢ dom(A )
and that by Lemma 7.3, (A" + 0x)(r2) = A'([@/x]12). Then let (€3, 8;) = A'-[@/x]X,, VS’ € val, if

v{; F ez U¥' Dj; then y;; + ey |I* D}, and D;(S) < e%Dj;(S) + 8.

[[Tx

+0x
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Letdval = {v | D1(v) > 0}U{v | D2(v) > 0} C val(r;/T).Let D} = Ax. ZUjedva, Di(vj)Xlej(x). We
have to prove then that VS’ € val(x), let (€1 + €, 1 + 55) = AL + A [@/x]X; = N (X1 + [@/x] X))

DY'S" < e“*%(D)S') + 61 + &,
Yoes DY (v1) < €Y, e DY (v2)) + 81 + &2
Z’Ul €s’ ZUjEd‘Ual Dl(vj) X Dij(vl) < eel+62(20265’ Zvjedval DZ(vj) X Déj(UZ)) + 51 + 52

As k - k' < k, by induction hypothesis (v}, v;) € (Vok’k'[[rl /T] (notice that k” > 0 as values are
not privacy expressions), but 7; /T' = Ay(7y), and by weakening lemmas C.11, and C.10 (y;,y2) €
gg,—k’ [T], then we can choose (y;;,y;;) = (yi[x — v;], y2[x > v;]) and know that that, for all j,
D es Dij(vl) < e (Xoes Déj(vz)) + &,. Also notice that 3, o D{j(vl) is a probability therefore
Do es Dij(v1) < min(e® (Lo, 50 Dy (v2)) + 82, 1) < min(e®(Xo,esr Dy;(v2)), 1) + 62. Then

ZvleS’ Zvjedval Dl(vj) X Dij(vl)
= Zv,—edval Dl(vj) X (ZUIES' Dij(vl))
< 2o;edval D1(v)) X (min(e® (Lo, esr Dy;(v2)), 1) + 62)
= (Lo, edvat D1(v)) X min(e®(Lo,es D;;(v2)), 1)) + (Lo, edwat D1(v) X 62)
< Zvjedval Dl(vj) X ml'n(efz (szes’ Déj(UZ))’ 1) + 52

Let S = dval, then we know that >, cjoq1 D1(v)) < €2, cgoar D2(v5)) + 61
Let p1,, = (D1(v) — e D,(v))+ (notice that i, is not necessarily a measure) and Ty = {v € dval |
D;(v) — €' Dy(v) > 0}, then:

Zvedval Ho
= Zvedval(Dl(v) — e D3(v))4
= 2ver, D1(v) — €D, (v)
< 51 (By def. of (61, 51)-dp)

Finally,

Zv_,-edval Dl(vj) X min(eEZ(Zvles’ Déj(vl))’ 1) + 52
= Dv;edval(€7 D2(v) + pp) X min(e? (L, esr Dy;(v1)), 1) + 62
< T cdoal(Da(0) X € 3 g Dy (01) + min(e (L, e Do), Dpto) +
= Yoes Lojedoal €77 Da(v) X Dy i(v1) + (X edvar min(e(Xo, esr Dy;(v1)) Do + 62
< eel+€z(20165’ Zvjedval(DZ(U) X Déj(vl)) + (Zvjedval /l‘u) + 62
< eV Yy e Lojedoal(D2(v) X Dyi(v1)) + 81 + 6

and the result holds. <

THEOREM C.18 (SENSITIVITY TYPE SOUNDNESS AT BASE TYPES). If@; @ F e : (x : R-00) R ; D,
[ri—r| <s’,orer, Jr,@vrer; | r), then|r| —r)| <ss’

Proor. We know that @ e : (x : R-o0) 2, R ; @ therefore by the Fundamental Property
(Theorem C.17), using y; = @ and y, = @, then (@ + ¢,0 + ¢) € 8§[[(x : R-o0) = R], i.e. if
2 Fe | (Ax. e’,y) then ((Ax. ¢’,y), (Ax. e/, y)) € (Vokfjl [(x:R) N R], for some k > jj.
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We know that @ + e r; Uk/ ri/,and @ rer Uk/ o/, for some k’ = j; + jo,and k > j; + j» , L.e.

APP '
@relt (Ax. €,y) ylxe—>rilre 27!

orer | ri

for some y and T such that T',x : R + ¢’ : R;sx, and (y,y) € Qg_jl_l[[l“ﬂ. As|ri — ] < ¢,
then (ri, 1) € ‘VSIffjlfl[[R]]. We instantiate ({(Ax. ¢’,y), (Ax. ¢’,y)) € (Vokﬁl [(x : R-o0) = R]
with (ry, ) € (Vslffjﬁl[R]] to know that (y[x — ri] F e/,y[x > r] F€) € 8(1):{;1,[[1&}], ie. if
ylx - ril+e |72 r/ then (1, 1) € q/sks,_jl_jz_l[[R]], meaning that |r;” — r,’| < ss’, which is exactly
what we want to prove and the result holds immediately. o

,8
THEOREM 7.8 (PRIVACY TYPE SOUNDNESS AT BASE TYPES). If@ F e : (x : R-1) (—e—)i» R; @,

ri=r| <LVr,Prlorer | r]<ePriorer, [®r]+6

Proor. We proceed analogously to Theorem C.18. But unfolding the definition of related com-
putations, and using a k big enough so both probabilities are defined (and using the fact that two
real numbers are semantically equivalent for any index). O

D A;: TYPE SAFETY

In this section we present auxiliary definitions used in Section 7.2, and the proof of type safety.

Non-deterministic sampling big-step semantics of privacy expressions are presented in Figure 31.
We write e || v, when e ||* v for some k. This semantics is coherent with respect to the distribution
semantics of Figure 28, in the following sense:

LEmMMA D.1 (COHERENCE OF NON-DETERMINISTIC SEMANTICS WRT DISTRIBUTION SEMANTICS). If
Jkyrel* DAD@) >0thenyre| v.

Proor. We present a proof sketch for this lemma, illustrating some relevant cases. We proceed
by case analysis and induction in k and the structure of e.
Case (1) e = return e

SuBPROOF. We know that
RETURN
yrelko

return e [¥ D

where

1 when x =0

D= Ax. {O otherwise

Let v such that D(v) > 0; this means that v = v/, and y + e || v, Then

RETURN
yrelo
returne | v

and the result holds. <

Case(2) e=x:7] <€ ;€
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SUBPROOF. We know that

BIND
Y ke Uk' D1 VUI‘ € SUp(DI), )/[x — vi] Fes Uki D2i

YFX:T e ;e KMk p

where D = Ax. 3., esup(p,) D1(vi)-Da2i(x).
Let v such that D(v) > 0, then it must be the case that for some v; € Sup(D;), D;(v;)-D,j(v) > 0,
i.e. D1(v;) > 0 and Dy;j(v) > 0. By induction hypothesis in k&’ < k (note that every probabilistic
expression takes at least one step of reduction), as D;(v;) > 0, we know that y  e; || v;. Also
as y[x = vj] ey ki D;;, then by induction hypothesis in k; < k, as D,j(v) > 0, we know that
ylx = v;] F ey || v, thus

CASE-LEFT

yre v Ylx— o lre o

Yrx:t—esesllo

and the result holds. <
Case (3) e = case e; of {x = ey} {x = e3}

SUBPROOF. We know that
CASE-LEFT
Y Fer llkl inl v, ylx — v Fe; UkZD

y Fcase e of {x = e} {x = e3} [*R2 D

Let v such that D(v) > 0. By induction hypothesis in e, on y[x > v;] + e, |[** D, then we know
that y[x — ov;] + e; || v, thus

CASE-LEFT
yre |inl vy Ylx— v lre o

yrcasee {x > e} {x=es3} v

and the result holds. <
O

Thus, type safety of the non-deterministic semantics implies type safety for the distribution
semantics.®

The type safety logical relation is defined in Figure 32. Its definition is straightforward, split
into a value relation V, a computation relation &, and an environment relation G. As usual, the
fundamental property of the type safety logical relation states that well-typed open terms are in

the relation closed by an adequate environment y:’

ProPOSITION D.1 (FUNDAMENTAL PROPERTY OF THE TYPE SAFETY LOGICAL RELATION).

(a) LetT;3% Fe: 1;3, and y € G[T]. Theny + e € E[r/T].
(b) LetT;3 re:1;%, andy € G[I]. Theny + e € E[r/T].

8The other directiony re | v = Jk.yre ¥ D A D(v) > 0 would establish soundness of the non-deterministic se-
mantics; given that the language does not feature recursion, we believe that it holds, although this is left for future
work.

9We use the following operators to remove variables from a type:

/T =[@/x1,...,8/xp]7r, Vx; € dom(l)and 7/y = [@/x1, ..., D/xn]T, Vx; € dom(y).
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RETURN BIND GAUSS

yrelo yreilu ylx—ovi]lres vy reR
returne | v yrx:n—e;;ser | v yl—gaussyazﬂr

IF-TRUE IF-FALSE

y +er | true yrexll o y +ep || false yreslus

y Fif e; then {es} else {es3} || v2 y +if e; then {ez2} else {es3} || v3
CASE-LEFT CASE-RIGHT

yrelinlo ylx— vl kes | vg yrelinro ylx— vl res | vs
yrcasee{x=e} {x=es3} v yrcasee {x > ey} {x > e3} | v3

APP

yrer )l (Ax:rs. ey’ yreslo Yix—olre o

Yreiey o

Fig. 31. Non-deterministic sampling semantics for privacy expressions

@:ovrv:10 < dom(T) = dom(y) Vx € dom(y). y(x) € V[I(x)/T]
v € Atom|[r] y € G
r € Atom[R] tt € Atom[unit] inl% v € Atom[r; 0% ;] v e V[r]
re V[R] tt € V[unit] inl% v e V[r ?6° 1]
inr v € Atom[r; 26° 1] v € V[r]

inrf v e V[ 26° 1]

(Xx:1s"ey) € Atom[(x : 115") ~> 1] Yo € V[r].ylx = v]+e € &[rn/(x: )]

Xx:ts’ey) e V[x: s 2, 2]

Xx:rs.ey) e Atom[(x : 11-5) z, ] Vo e V[r].y[x - v]+e e &E[r/lx:n)]

X x:tsey) e V[ex:s) =, 2]

yrelo v e V[r] Vo,yrellv = veV[r]

yree &[] yree&|r]

Fig. 32. Aj: Type Safety Logical Relation

Proor. (a) Sensitivity FP. We proceed by induction on I'; 2 + e : 75 2.

ACM Trans. Program. Lang. Syst., Vol. 1, No. 1, Article . Publication date: January 2023.



92 Matias Toro, David Darais, Chike Abuah, Joseph P. Near, Damian Arquez, Federico Olmedo, and Eric Tanter

First, to deal with the cases of sensitivity and privacy functions, we give the typing rules for
sensitivity and privacy closures below:
$-CLOSURE
ar’, =5, dom(Z") € dom(I'’) € dom(Z;)
Vx; € dom(I"), @; @ v y(x;) s 7/, 7] <:T'(x;); @ Mx:mEZg+sixre i 2 +5s'x

;50 F (X (x:rpesy). €, y) s (s 1y /T -s1) 2 LT @

P-CLOSURE
ar’, z, dom(E”) C dom(T"") € dom(Z()
Vx; € dom(I'"), @;@ F y(x;) : 7{, 7] <:T'(x;); @ I x:m;3g+six ke i3 27

i

” T’

o Z
;3 F (X (x:tyesy). e, y) : (x /T s1) ——» /T ; @

Case (1) I;2 F x : I'(x); x
SuBPrOOF. By y € G[I'], we know that y(x) € V[I'(x)/I'] . By inspection of the evaluation rules,
we know that y + x |} y(x). We have to prove that y(x) € V[I['(x)/I'], which we already know and

the result holds. <
Case (2) ;20 Fr:R; @

SUBPROOF. Trivialas @; @ +r : R; @. <
Case (3) I'; 2 F tt : unit; @

SUBPROOF. Trivial as @; @ + tt : unit; @. <

Case (4) I';230 Fep ey : 152
SuBPROOF. By s-app we know that
S-APP
> +sox

F;Zol—el.(x T]Sl)-————>‘[2,21 F;Zol—ezi‘[l;ZZ Z()'Zzssl
I';20F e €21[Zz/x]fg;zl+3222+z/

where 7 = [2;/x]1, and T = ¥ + 5,2, + 2. By induction hypotheses we know that y + ¢; || vy,
yre v, v € V][(x:/Tsp) 2, 7/T] and v, € V[ /T].

By inspection of the function predicate, we know that v; € Atom[(x : 7;/T-s;) 2, /T and
v = (F(x : 7/-s]). €, y’), for some 7/,s],¢’ and y’. We also know then that y'[x > v,] + ¢’ €
Er/(T,x = 1)), ie. y'[x = vz] ke | v and [Z2/x]r/T = [(Z2/T)/x])(z2/T) = [@/x](z2/T) =
7/(T,x : 71), but v’ € V[rz/(T, x : 71)] and the result holds. <

Case (5) I; S0 F X (x : 1qvs). e’ : (x : 71°8) — 12, @
SuBPROOF. We know that
S-LAM
Ix:1;350+sx ke 1%

;30 FA(e: ). e/:(xzrl-s)ifz;Q)
We know that y + X'(x : 71-5). e’ || (X (x : 71-5). €/, y). We have to prove that (X (x : ;- s) e',y) €
V[((x : 71-5) Z, 173)/T]. Suppose 3’ = 3" + s'x, then ((x : 71s) z, 7)/T = (x T1/F 5) =5 (r/T).
First, we have to prove that, ({'(x : 7;s). ¢/,y) € Atom[(x : /T s) (r2/1)], ie. that
ar’, 3, dom(2"") € dom(I'’) € dom(Z{),Vx; € dom(I'), ;@ + y(x;) : 7/, 7/ <: I'(x;); @,I", and
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XT38 +sx ke’ 115 X + s'x. We prove this by choosing I'' = T, 2 = 3, and X" + s'x = 2"

Vx; € dom(D), 2;@ + y(x;) : 7f, 7{ <: T(x;); @ Ix:tm;20+sixke :m; 2" +8'x

T;%0 F (A(x:1pes1). €, y) s (7 /T +s1) SN Y

Then we have prove that Vo' € V[r;/T],y[x — 0] + ¢ € E[rz/T,x : T1)]. By induction
hypothesis on I',x : 71 ; Zg + sx F e’ : 7o ; 3/, we know that for any y’ € G[I,x : ©i], ¥’ F
¢/ € 8[n/T,x : 1)]. Asy € G[I'] and v* € V[r/T,x : ©)] (0/T = ©/T,x : 77)), then
ylx - 0] € G[T, x : 71], so we pick y’ = y[x > v’] and the result holds. <
Case (6) T;Z0 F X (x s 1y5). ¢ : (x : 145) —> 15, @

SuBPrOOF. We know that

P-LAM
Ix:1;350+sxrFe :1p;%

T3 FX(x:tes). e :(x:1yes) x Ty ;D
We know that y A (x : 71-5). e’ || (X (x : 1'1 s). e, y). We have to prove that (X (x : 7;-s). ¢/, y) €
V[((x : 11-5) = 7)/T]. Then ((x : 11-5) — )/T = (x : 71/T-5) L (z2/T).

X’/T
First, we have to prove that, (X' (x : 7;:s). ¢’,y) € Atom[(x : 7,/T"s) Zr, (r2/T)], i.e. that
ar’, 55, dom(X”) € dom(I’) € dom(Z)),Vx; € dom(I'),2;@ + y(x;) : 7/, 7] <: I"(x;);@,T’, and
X120 +sx ke’ 1y ; L. We prove this by choosing T” =T, X = 3:

Vx; € dom(D), 2;@ + y(x;) : {7} <: T(x;); @ Ix:m;20+sixke 11y Y

/T
;%0 F (X (x:1yes1). ey y) s (x: 1y /Tosy) Zr, /T ; @

Then we have prove that Vo' € V[r;/T],y[x — 0'] + ¢ € E[r/(T,x : 71)]. By induction
hypothesis on T, x : 71 ; 39 + sx e’ : 7o ; 3/, we know that forany y’ € G[I,x : r1], y' + e’ €
E[r/T,x:1)]. Asy € G[I] and v’ € V[r1/(T,x : )] (/T = /([T x : ;y)) y[x > 0] € G[T, x :
71], so we pick y’ = y[x — 0] and the result holds. <
Case (7) ;2 Finl® e : 1, >8% 1,; @
SUBPROOF. We know that

INL

;% re ;>
T;3 Finl%e 0% 100

By induction hypothesison T ; 3y ¢’ : 7; ; ¥ we know that y + ¢’ || v" and v’ € V[r;/T].

Asy + inl™ ¢’ || in1™/Y0’, we have to prove that in1%/Yv’ € V[(r; *®? 7,)/T]. Notice that
(r; *@? 1)/T = (r;/T ?®? 1,/T, and that 7,/y = 7,/T Then we have to prove that in1%/Tv’ €
V[ /T °®? 1,/T], which is direct as we already know that v’ € V[r;/T]. 4

Case (8) T ;%o Finr® e’ : 1 *@% 1, ; @
SuBPROOF. Analogous to the inl™ e’ case. <

Case (9) ' ; 3 + case ey of {x = e} {y = e3} : [Z1 + Z11/x]n U [Z1 + Z12/ylrs 5 ((s2 % 21 +
$p2q1 + Zo) LI (s3 % X1 + $3212 + X3))
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SUBPROOF. We know that

S-CASE
T ; Z() ke Tt Z“@le T12 5 Z] F,x T ;20 + (Z()(Z] + 211)))( Fey: Ty 22 + Sox
F,y 1 T12 20 + (20(21 + 212))3{' Fes3:13; 23 + S3y

I';3 Fcase e of {x => e} {y=es5}:
[21 + le/x]TZ L [21 + 212/!]]7.'3 ; ((52 * 21 + 52211 + 22) L (83 * 21 + 83212 + 23))

where 7 = [211/x]n, U [Z12/y]7s.

By induction hypothesis on T" ; 3 + e; : 743 Tng¥z 1, 5 3, we know that y e || vy and
v € V][ /T ?@2 115/T]| (31;/T = @). Then either v; = in172/T 1 orv; = in1™/T vy, Let us
suppose v; = in172/L vy, (the other case is similar), then in172/" vy, € V[r;1/T 2@? 115/T], and
thus vy, € V[r11/T].

Then by induction hypothesis on T, x : 7q7 ; 2 + (Z¢:(Z1 + 211))x F ez : 12 5 2y + sox, we know that
y[x = vi1] k ey € E[[r/T], therefore y + e, || v, and v; € V[r/(T, x : 711)].

Then by inspection of the evaluation semantics for p-CASE,y F case e; of {x = e} {y = e3} |
v, and we have to prove that v, € V[([Z; + 211 /x] U [Z1 + Z12/y]w])/T. But ([3; + 241 /x]r2 U
[Z1 + 212/y]l53])/T = (72 U 13]))/(T, x : 711). The result follows from weakening lemma D.2. <

(b) Privacy FP. We proceed by induction on T'; 3 F e : 71; .
Case (1) T'; 3o + return e : [@/X]r; ; 121 + FS®(ry)
SUBPROOF. By RETURN we know that

RETURN
T;20ke1:115 2 X = FV(FS(T]))

T; % F returne; : [@/X]ry 5 12 + FS™(1q)

where 7 = [@/x]r, and £ = 13,[* + FS®(r;). By induction hypotheses we know that y + e; || vy,
and V1 € (Vﬂfl/r]]

By inspection of the evaluation semantics y + return e; || v;. Notice that x C T, then ([@/x]7;)/T =
71/T, and as v; € V[r;/T'] the result holds immediately. <
Case (2) ;20 Fx:1 «—ej;er:[D)/x]ry; L1+ X,

SuBPROOF. By BIND we know that

BIND
F;Z()l—ell’l'l;zl F,XIT1;20+0XF622T2;ZZ

I, 2() FX:TH <~ €e1;€ey: [@/X]TZ ; Zl + [@/X]ZQ

where 7 = [@/x]1,and Z = ¥, +[@/x]Z,. By induction hypothesisonT ; %) + e; : 77 ; X1, we know
thaty + e; € E[[r1/I], therefore for all v; such thaty + e; |} v; it follows that v; € V[r;/T]. Also, by
induction hypothesison T, x : 71 ; g +0x + €5 : 73 ; Ly, we know that y[x — v;] F ey € E[r2/(T, x
71)]), therefore for all v, such that y[x +— v] F e, || v, it follows that v, € V[ /(T, x : 71)].

Then, we have to prove that for all v, such thaty + x : 77 < e; ; e; || v, it follows that
vy € V[([@/x]72)/T]. Let us fix v,. By inspection of the evaluation semantics for BIND, we know
that there exist v; such that y + e; || v; and y[x — ©v;] F e; || v,. But we know that for all
vy and v, such that y + e; || vy and y[x +— ov1] F ey || vy, it follows that v; € V[r/T'] and
vy € V[r2/(T, x : 71)]). Finally, notice that ([@/x]7,)/T = 72/(T, x : 71) and the result holds.

Case (3) T ;%) +gauss po?:R; @
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SuBPROOF. By Gauss we know that
GAUSS

;3 Fyrgauss uo’:R; @

we know that y + gauss p o || r, for some r. But r € V[R] and the result holds. <
Case (4) T ; 20 = lf ey {82} {83} 1T '|21|'oo L (Zg L 23)
SuBPROOF. By 1F we know that
IF
I';20Fe:B; > T;30Fey:7; 2, T;30re3:7;23
T; ZO = lf er {eg} {65} T -|21|-oo L (Zz L 23)

where ~ = 12;[* U (Z; U Z3). By induction hypothesis onT" ; 2y F ¢; : B ; ¥;, we know that
v F e | vy and v; € V[B]. Unfolding booleans as sums we know that v; € V[unit ?®? unit].
Let us assume that v; = in1“"* tt (the other case is analogous). Then by induction hypothesis
onT ;3 Fey:7; Ly, weknow that y + e, € E[7/T], therefore for all v, such thaty + e, |} v, it
follows that v, € V[z/I].

Then we have to prove that for all v, such thaty +if e; {e;} {es} | v, itfollows thatv, € V[z/T].
Then by inspection of the evaluation semantics for 1¥, we know thatify rif e; {e;} {es} | vy
then y + e, || v;. Then, the result holds immediately. <

Case (5) T ; 20 F case e; of {x = ez} {y = 63} : [le/x]’[z L [le/y]r3 ; '|21|’oo L [Zu/X]Zz L
[Z12/y]Zs
SUBPROOF. By P-cASE we know that

P-CASE
T 2o Foep Ty 211@212 T12 3 21
F,x LT 20 + (20(21 + 211))36 Fey:Ty; Zz F,y 1 T12 20 + (20(21 + 212))y Fe3:13; Zg

I'; % F case e; of {x => ey} {y = es}:
[Zi1/x]0 U [Z12/ylrs 5 1247 U [Z11/x] 2, U [Z12/y]Zs

where 7 = [11/x]r U [Z12/y]rs, and £ = 12, [ U [Z41/x] X U [Z12/y] Zs.

By induction hypothesis on I" ; 3 + e; : 743 Zugrz 1, . Y we know that y e || vy and
vy € V[ /T @2 115/T] (31,/T = @). Then either v; = in1™/" vy;, or v; = in1™/F vy, Let us
suppose v; = in172/T" v, (the other case is similar), then in172/" v}, € V[z;;/T ?®? 115/, and
thus vy, € V[r1/T].

Then by induction hypothesis on I',x : 711 5 2o + (Z0:(Z1 + Z11))x F ez : 7o ; Xy, we know that
ylx — v11] F ey € E[r/T], therefore for all v, such that y + e, |} v, it follows that v, € V[ /(T, x :
T11)ﬂ~

Then we have to prove that for all v, such that y + case e; of {x = e;} {y = es} || v, it follows
that v, € V[([Z11/x]7 U [Z12/y]73])/T. By inspection of the evaluation semantics for p-cAsk, if
y Fcase e; of {x = ey} {y = es} || vy theny r e, || vy. Then, by the induction hypothesis we
know that v, € V[rp/(T, x : 711)]. But ([Z11/x]72 U [Z12/y]3])/T = (12 U 73])/(T, x : 711). The result
follows from weakening lemma D.2. <
Case (6) T'; 20 F eq es: [Zo/x]m; 1217 + [Z2/x]Z

SuBPROOF. By p-ApP we know that

P-APP
+px
F;Zol—ell(xtl'l's)——»fz;zl T30k e:m;2, 2022 <S

T 20 ey ey: [22/3{]7.'2 ; -|21|—00 + [Zz/x]z
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where 7 = [2,/x]r, and £ = 13;[® + [2,/x]Z. By induction hypotheses we know that for all

vy and vy such that y + ey || v1, y F ey || 0y, it follows that v; € V[(x : 71/T-s1) ﬂ» 75/T'] and
Vg € (V[[Tl/r]]

We have to prove that for all v’ such that y + e; e; || v’ it follows that v’ € V[[2,/x]7:/T]. By
inspection of the evaluation semantics for p-app, we know that if y + e; e, || v’ then v; = (X'(x :
7/-s7). e’,y’) and y + e; || v, for some 7, s],e” and y’. By inspection of the function predicate,
we know that y'[x - v;] + e’ € E[rp/(T, x : 71)], i.e. for all v” such that y’[x — vy] F e’ || v it
follows that v’ € V[ /(T, x : 71)] but [32/x]/T = [(32/T)/x](r2/T) = [@/x](r2/T) = 2 /(T, x : 71)
and the result holds. <

]

LEMMA D.2 (WEAKENING). Ifv € V[r] andt <: 7/, FV(r') = @, thenv € V[r'].

Proor. Straightforward induction on 7 such that V[z].
Case (1) 7 € {R,unit}
SusprooF. Trivial as 7 <: 7. <
PR
Case(2) T =(x:11s)P —>» 1y

’

bx
1
SusPrOOF. Then 7’ = (x : 7/+s") — 7, for some 7| <: 71,s" < 5,2 <: 17, and 1p <: 7;. We know

’

z x
that v € V[(x : 7-s) — 7] and we have to prove that v € V[(x : 7/-s") —» 7, ]. First we have to

prove that v € Atom|(x : 7/-s’) — ]|, which is direct.
Suppose v = (X' x : 1ys.e, y). Let v’ € V[r/], we have to prove that y[x > v'] + e € E[r;], i.e. that
ylx = ']+ el v” and v € V[r,]. By induction hypothesis we know that v” € V[r], and by

v € V[(x:15) i, 7,]] we know that y[x > 0] + e € E[r2]. This means that y[x > v'] F e || v”
and v"" € V[z,]. But as 7, <: 7, by induction hypothesis v”" € V[z,] and the result holds. <

b
Case (3) 7= (x: 715) — 1y
/o

1
SuPrOOF. Then 7’ = (x : 7/-s") — 1,, for some 7] <: 7y,s" < 5,3 <: 3], and 1, <: 7,. We know
7’

> >
that v € V[(x : 7,-s) — 7] and we have to prove that v € V[(x : 7/-s") — /]. First we have to

prove that v € Atom[(x : 7/-s") o, 7, ], which is direct.

Suppose v = (X' x : 71-s.e,y). Let v’ € V[r/], we have to prove that y[x > v'] + e € E[z]], ie. that
ylx = v']Fell v” and v € V[r;]. By induction hypothesis we know that v” € V[r], and by
v e V[(x:1s) z, 75| we know that y[x + v’] + e € E[r;]. This means that y[x - v'] Fe || 0"
and v”" € V[r,]. But as 7, <: 7, by induction hypothesis v € V[r,] and the result holds. <
Case(4) 7 =1, %8 1y

SuBPROOF. Then 7" = 7] @7 7, for some 7; <: 7/ and 7, <: 7,. We know that v € V[r; “&? 1,

and we have to prove that v € V[r] “®“ ,]. Suppose v = inl% o’ (the other case is analogous).

We know 7,” <: 75, and as 7, <: 7,, then 7;" <: 7,. First we have to prove that v € Atom[r] “®“ 1],
which is direct.

We know that v” € V[r], then by induction hypothesis we know that v” € V[z/], therefore
inl% v’ € V[r] ?®? ]| and the result holds. <

]

Type safety for open terms follows immediately.
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COROLLARY D.3 (TYPE SAFETY AND NORMALIZATION OF Aj).

(a) Let+ e :7;0, thent+ e || v, and+ v : t'; @, wheret’ <: 1.
(b) Let+- e :7;0, then+e || v, andt+ v : t/; @, wheret’ <: .

Proor. Direct consequence of Prop D.1. O
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