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tLet a text of u 
hara
ters over an alphabet of size � be 
ompressible to n symbols bythe LZ78 or LZW algorithm. We show how to build a data stru
ture, 
alled the LZ-index,based on the Ziv-Lempel trie that takes 4n log2 n(1 + o(1)) bits of spa
e (that is, 4 times theentropy of the text) and reports the R o

urren
es of a pattern of length m in worst 
ase timeO(m3 log�+(m+R) logn). We present a pra
ti
al implementation of the LZ-index with averagesear
h time O(�m log u+puR). It turns out to be 
ompetitive with 
urrent alternatives whenwe take into 
onsideration the time to report the positions or text 
ontexts of the o

urren
esfound. The implementation of the data stru
ture is by itself an interesting lesson of theoryversus pra
ti
e.1 Introdu
tion and Related WorkA text database is a system providing fast a

ess to a large mass of textual data. By far the most
hallenging requirement is that of performing fast text sear
hing for user-entered patterns. Thesimplest (yet realisti
 and rather 
ommon) s
enario is as follows. The text T1:::u is regarded as aunique sequen
e of 
hara
ters over an alphabet � of size �, and the sear
h pattern P1:::m as another(short) sequen
e over �. Then the text sear
h problem 
onsists of �nding all the R o

urren
es ofP in T .Modern text databases have to fa
e two opposed goals. On the one hand, they have to providefast a

ess to the text. On the other, they have to use as little spa
e as possible. The goals areopposed be
ause, in order to provide fast a

ess, an index has to be built on the text. An index is adata stru
ture built on the text and stored in the database, hen
e in
reasing the spa
e requirement.In re
ent years there has been mu
h resear
h on 
ompressed text databases, fo
using on te
hniquesto represent the text and the index in su

in
t form, yet permitting eÆ
ient text sear
hing.Despite that there has been some work on su

in
t inverted indexes for natural language for awhile [28, 24℄ (able of �nding whole words and phrases), until a short time ago it was believed thatany general index for string mat
hing would need 
(u) spa
e. In pra
ti
e, the smallest indexesavailable were the suÆx arrays [20℄, requiring u log2 u bits to index a text of u 
hara
ters, whi
hrequired u log2 � bits to be represented, so the index is in pra
ti
e larger than the text (typi
ally 4times the text size). 1



Sin
e the last de
ade, several attempts to redu
e the spa
e of the suÆx trees [3℄ or arrayshave been made by K�arkk�ainen and Ukkonen [12, 15℄, Kurtz [17℄, M�akinen [19℄, and Abouelhoda,Ohlebus
h and Kurtz [1℄, obtaining remarkable improvements, albeit no spe
ta
ular ones. More-over, they have 
on
entrated on the spa
e requirement of the data stru
ture only, needing the textseparately available.The �rst a
hievement of a new trend started with Grossi and Vitter [9℄, who presented a suÆxarray 
ompression method for binary texts, whi
h needed O(u) bits and was able to report all theR o

urren
es of P in T in O � mlog u + (R+ 1) log" u� time. However, they need the text as well asthe index in order to answer queries.Following this line, Sadakane [25℄ presented a suÆx array 
ompression method for generaltexts (not only binary) that requires u �1"H0 + 8 + 3 log2H0� (1 + o(1)) + � log2 � bits, where H0is the zero-order entropy of the text. This index 
an sear
h in time O(m log u + R log" u) and
ontains enough information to reprodu
e the text: any pie
e of text of length L is obtained inO(L+ log" u) time. This means that the index repla
es the text, whi
h 
an hen
e be deleted. Thisis an opportunisti
 s
heme, i.e., the index takes less spa
e if the text is 
ompressible. Yet there isa minimum of 8u bits of spa
e whi
h has to be paid independently of the entropy of the text.Ferragina and Manzini [6℄ presented a di�erent approa
h to 
ompress the suÆx array based onthe Burrows-Wheeler transform and blo
k sorting. They need 5uHk+O �u log log u+� log �log u � bits and
an answer queries in O(m + R log" u) time, where Hk is the k-th order entropy and the formulais valid for any 
onstant k. This s
heme is also opportunisti
. However, there is a large 
onstant� log � involved in the sublinear part whi
h does not de
rease with the entropy, and a huge additive
onstant larger than ��. (In a real implementation [7℄ they removed these 
onstants at the pri
eof a not guaranteed sear
h time.)Re
ently, Sadakane [26℄ has proposed a 
ompa
t suÆx array representation that in
ludes longest
ommon pre�x information, whi
h is able to 
ount the o

urren
es of P in O(m) time and oftraversing the suÆx tree in O(n log" n) time. It needs 1"nH1 + O(n) bits. Its main interest lies inits ability to handle large alphabets, where it is superior to [6℄.However, there are older attempts to produ
e su

in
t indexes, by K�arkk�ainen and Ukkonen[14, 13℄. Their main idea is to use a suÆx tree that indexes only the beginnings of the blo
ksprodu
ed by a Ziv-Lempel 
ompression (see next se
tion if not familiar with Ziv-Lempel). Thisis the only index we are aware of whi
h is based on this type of 
ompression. In [13℄ they obtaina range of spa
e-time trade-o�s. The smallest indexes need O �u �log � + 1"�� bits, i.e., the samespa
e of the original text, and are able to answer queries in O � log�logum2 +m log u+ 1"R log" u� time.Note, however, that this index is not opportunisti
, as it takes spa
e proportional to the text, andindeed needs the text besides the data of the index.In this paper we propose a new index on these lines, 
alled the LZ-index. Instead of using ageneri
 Ziv-Lempel algorithm, we sti
k to the LZ78/LZW format and its spe
i�
 properties. We donot build a suÆx tree on the strings produ
ed by the LZ78 algorithm. Rather, we use the very sameLZ78 trie that is produ
ed during 
ompression, plus other related stru
tures. We borrow some ideasfrom K�arkk�ainen and Ukkonen's work, but in our 
ase we have to fa
e additional 
ompli
ationsbe
ause the LZ78 trie has less information than the suÆx tree of the blo
ks. As a result, our index issmaller but has a higher sear
h time. If we 
all n the number of blo
ks in the 
ompressed text, then2



our index takes 4n log2 n(1+ o(1)) bits of spa
e and answers queries in O(m3 log �+(m+R) log n)time. It is shown in [16, 8℄ that Ziv-Lempel 
ompression asymptoti
ally approa
hes Hk for anyk. Sin
e this 
ompressed text needs at least n log2 n bits of storage, we have that our index isopportunisti
, taking at most 4uHk bits, for any k.This representation, moreover, 
ontains the information to reprodu
e the text. We 
an re-produ
e a text 
ontext of length L around an o

urren
e found (and in fa
t any sequen
e ofblo
ks) in O(L log �) time, or obtain the whole text in time O(u log �). The index 
an be built inO(u log �) time. Finally, the time 
an be redu
ed to O(m3 log � +m log n+R log" n) provided wepay O �1"n log n� spa
e.About at the same time and independently of us [8℄, Ferragina and Manzini have proposedanother idea 
ombining 
ompressed suÆx arrays and Ziv-Lempel 
ompression. They a
hieve opti-mal O(m+ R) sear
h time at the pri
e of O(uHk log" u) spa
e. Moreover, this spa
e in
ludes two
ompressed suÆx arrays of the previous type [6℄ and their large 
onstant terms. It is interestingthat they share, like us, several ideas of previous work on sparse suÆx trees [14, 13℄.What is unique in our approa
h is the re
onstru
tion of the o

urren
es using a data stru
turethat does not re
ord full suÆx information but just of text substrings, thus addressing the problemof re
onstru
ting pattern o

urren
es from these pie
es information.In addition to our theoreti
al proposal, we have implemented our index. The implementationinvolves several 
onsiderations on the pra
ti
ality of the theoreti
al de
isions, whi
h o�er worst-
ase big-O guarantees but do not 
are for the 
onstants, whi
h are important in pra
ti
e. The �nalprototype was tested on large natural language and DNA texts. It takes about 5 times the spa
eneeded by the 
ompressed text (whi
h is 
lose to our predi
tion 4uHk). On a 2 GHz Pentium IVma
hine, the index is built at a rate of 1{2 Mb/se
 (whi
h is 
ompetitive with 
urrent te
hnology)and uses a temporary extra spa
e similar to a suÆx array 
onstru
tion (5 times the text size, whi
his large but usual, and 
an be redu
ed in 50% by standard means). On a 50 Mb text, a normalquery takes 2 to 4 millise
onds (mse
s), depending linearly on its length, plus the time to reportthe R o

urren
es, at a rate of 600{800 per mse
. Text lines 
an be displayed at a rate of 14 linesper mse
.We have 
ompared our index against existing alternatives. Although our index is mu
h slowerto 
ount how many o

urren
es are there, it is mu
h faster to report their position or their text
ontext. Indeed, we show that if there are more than 300{1,400 o

urren
e positions to report (thisdepends on the text type), then our index is faster than the others. This number goes down to13{65 if the text lines of the o

urren
es have to be shown. Being able of reprodu
ing the text isan essential feature, sin
e all these indexes repla
e the text and hen
e our only way to see the textis asking them to reprodu
e it.This paper is organized as follows. In Se
tion 2 we explain the Ziv-Lempel 
ompression. InSe
tion 3 we present the basi
 ideas of our te
hnique. Se
tion 4 explains how to represent the datastru
tures we use in su

int spa
e. Se
tion 5 gives a theoreti
al analysis of the data stru
ture,in terms of spa
e, 
onstru
tion and query time. Se
tion 6 des
ribes the pra
ti
al implementationof the index. Se
tion 7 
ompares our implementation against the most prominent alternatives.Se
tion 8 gives our 
on
lusions and future work dire
tions.
3



2 Ziv-Lempel CompressionThe general idea of Ziv-Lempel 
ompression is to repla
e substrings in the text by a pointer toa previous o

urren
e of them. If the pointer takes less spa
e than the string it is repla
ing,
ompression is obtained. Di�erent variants over this type of 
ompression exist, see for example [4℄.We are parti
ularly interested in the LZ78/LZW format, whi
h we des
ribe in depth.The Ziv-Lempel 
ompression algorithm of 1978 (usually named LZ78 [29℄) is based on a di
tio-nary of blo
ks, in whi
h we add every new blo
k 
omputed. At the beginning of the 
ompression,the di
tionary 
ontains a single blo
k b0 of length 0. The 
urrent step of the 
ompression is asfollows: if we assume that a pre�x T1:::j of T has been already 
ompressed in a sequen
e of blo
ksZ = b1 : : : br, all them in the di
tionary, then we look for the longest pre�x of the rest of the textTj+1:::u whi
h is a blo
k of the di
tionary. On
e we have found this blo
k, say bs of length `s, we
onstru
t a new blo
k br+1 = (s; Tj+`s+1), we write the pair at the end of the 
ompressed �le Z, i.eZ = b1 : : : brbr+1, and we add the blo
k to the di
tionary. It is easy to see that this di
tionary ispre�x-
losed (i.e. any pre�x of an element is also an element of the di
tionary) and a natural wayto represent it is a trie.We show in Figure 1 the 
ompression of the text alabar a la alabarda para apalabrarla1 , whi
hwill be our running example. For readability we have 
hanged the spa
e to unders
ore and haveassumed its 
ode is larger than those of normal letters.The �rst blo
k is (0; a), and next (0; l). When we read the next a, a is already blo
k 1 in thedi
tionary, but ab is not in the di
tionary. So we 
reate a third blo
k (1; b). We then read the nexta, a is already blo
k 1 in the di
tionary, but ar does not appear. So we 
reate a new blo
k (1; r),and so on. The full 
ompressed text is(0; a) (0; l) (1; b) (1; r) (0; ) (1; ) (2; a) (5; a) (7; b) (4; d) (6; p) (4; a) (8; p) (1; l) (3; r) (4; l) (1; $)were we have added a terminator 
hara
ter \$", smaller than any other 
hara
ter, to ensure thatevery blo
k 
orresponds to a di�erent node.The 
ompression algorithm is O(u) time in the worst 
ase and eÆ
ient in pra
ti
e if the di
tio-nary is stored as a trie, whi
h allows rapid sear
hing of the new text pre�x (for ea
h 
hara
ter ofT we move on
e in the trie). The de
ompression needs to build the same di
tionary (the pair thatde�nes the blo
k r is read at the r-th step of the algorithm).Many variations on LZ78 exist, whi
h deal basi
ally with the best way to 
ode the pairs in the
ompressed �le. A parti
ularly interesting variant is from Wel
h, 
alled LZW [27℄. In this 
ase,the extra letter (se
ond element of the pair) is not 
oded, but it is taken as the �rst letter of thenext blo
k (the di
tionary is started with one blo
k per letter). LZW is used by Unix's Compressprogram.In this paper we do not 
onsider LZW separately but just as a 
oding variant of LZ78. This isbe
ause the �nal letter of LZ78 
an be readily obtained by keeping 
ount of the �rst letter of ea
hblo
k (this is 
opied dire
tly from the referen
ed blo
k) and then looking at the �rst letter of thenext blo
k.An interesting property of this 
ompression format is that every blo
k represents a di�erent textsubstring. The only possible ex
eption is the last blo
k. We use this property in our algorithm,1A not totally meaningful Spanish phrase, but one with ni
e periodi
ity properties!4
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Figure 1: Ziv-Lempel trie and parse for our running example. For example, blo
k number 10represents string ard, whi
h is spelled out when we move from the trie root to node labeled 10.and deal with the ex
eption by adding a spe
ial 
hara
ter \$" (not in the alphabet) at the end ofthe text. The last blo
k will 
ontain this 
hara
ter and thus will be unique too.Another 
on
ept that is worth reminding is that a set of strings 
an be lexi
ographi
ally sorted,and we 
all the rank of a string its position in the lexi
ographi
ally sorted set. Moreover, ifthe set is arranged in a trie data stru
ture, then all the strings represented in a subtree form alexi
ographi
al interval of the universe. We remind that, in lexi
ographi
 order, " � x, ax � by ifa < b, and ax � ay if x � y, for any strings x; y and 
hara
ters a; b.3 Basi
 Te
hniqueWe now present the basi
 idea to sear
h for a pattern P1:::m in a text T1:::u whi
h has been 
om-pressed using the LZ78 or LZW algorithm into n + 1 blo
ks T = B0 : : : Bn, su
h that B0 = ";8k 6= `; Bk 6= B` (that is, no two blo
ks are equal); and 8k � 1; 9` < k; 
 2 �; Bk = B` � 
 (thatis, every blo
k ex
ept B0 is formed by a previous blo
k plus a letter at the end).
5



3.1 Data Stru
turesWe start by de�ning the data stru
tures used, without 
aring for the exa
t way they are represented.The problem of their su

in
t representation, and 
onsequently the spa
e o

upan
y and time
omplexity, is 
onsidered in Se
tion 4.1. LZTrie : is the trie formed by all the blo
ks B0 : : : Bn. Given the properties of LZ78 
om-pression, this trie has exa
tly n+1 nodes, ea
h one 
orresponding to a string. LZTrie storesenough information so as to permit the following operations on every node x:(a) idt(x) gives the node identi�er, i.e., the number k su
h that x represents Bk;(b) leftrankt(x) and rightrankt(x) give the minimum and maximum lexi
ographi
al posi-tion of the blo
ks represented by the nodes in the subtree rooted at x, among the setB0 : : : Bn;(
) parentt(x) gives the tree position of the parent node of x; and(d) 
hildt(x; 
) gives the tree position of the 
hild of node x by 
hara
ter 
, or null if nosu
h 
hild exists.Additionally, the trie must implement the operation rtht(rank), whi
h given a rank r givesthe node representing the r-th string in B0 : : : Bn in lexi
ographi
al order. Figure 2 showsthe LZTrie data stru
ture for our running example.2. RevTrie : is the trie formed by all the reverse strings Br0 : : : Brn. For this stru
ture we donot have the ni
e properties that the LZ78/LZW algorithm gives to LZTrie: there 
ould beinternal nodes not representing any blo
k. We need the same operations for RevTrie thanfor LZTrie, whi
h are 
alled idr, leftrankr, rightrankr, parentr, 
hildr and rthr.Figure 3 shows the RevTrie data stru
ture for our running example.3. Node : is a mapping from blo
k identi�ers to their node in LZTrie.4. Range : is a data stru
ture for two-dimensional sear
hing in the spa
e [0 : : : n℄ � [0 : : : n℄.The points stored in this stru
ture are f(revrank(Brk); rank(Bk+1)); k 2 0 : : : n� 1g, whererevrank is the lexi
ographi
al rank in Br0 : : : Brn and rank is the lexi
ographi
al rank inB0 : : : Bn. For ea
h su
h point, the 
orresponding k value is stored.Figure 4 shows the Range data stru
ture for our running example.3.2 Sear
h AlgorithmLet us 
onsider the sear
h pro
ess now. We distinguish three types of o

urren
es of P in T ,depending on the blo
k layout (see Figure 5):(a) the o

urren
e lies inside a single blo
k;(b) the o

urren
e spans two blo
ks, Bk and Bk+1, su
h that a pre�x P1:::i mat
hes a suÆx of Bkand the suÆx Pi+1:::m mat
hes a pre�x of Bk+1; and6
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Figure 2: LZTrie data stru
ture for our running example. The numbers over the nodes are theirrank. We show the values that 
orrespond to node x, whi
h represents blo
k number 4 and is the6th string in the set.(
) the o

urren
e spans three or more blo
ks, Bk : : : B`, su
h that Pi:::j = Bk+1 : : : B`�1, P1:::i�1mat
hes a suÆx of Bk and Pj+1:::m mat
hes a pre�x of B`.Note that ea
h possible o

urren
e of P lies exa
tly in one of the three 
ases above. We explainnow how ea
h type of o

urren
e is found.3.2.1 O

urren
es Lying Inside a Single Blo
kGiven the properties of LZ78/LZW, every blo
k Bk 
ontaining P is formed by a shorter blo
k B`
on
atenated to a letter 
. If P does not o

ur at the end of Bk, then B` 
ontains P as well.We want to �nd the shortest possible blo
k B in the referen
ing 
hain for Bk that 
ontains theo

urren
e of P . This blo
k B �nishes with the string P , hen
e it 
an be easily found by sear
hingfor P r in RevTrie.Hen
e, in order to dete
t all the o

urren
es that lie inside a single blo
k we do as follows:1. Sear
h for P r in RevTrie. We arrive at a node x su
h that every string stored in the subtree7
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Figure 3: RevTrie data stru
ture for our running example. As we store the reversed strings, theset is not pre�x-
losed and not every node 
orresponds to a blo
k identi�er. We show the valuesthat 
orrespond to node x, whi
h represents blo
k number 1 and is the 2nd string in the set.rooted at x represents a blo
k ending with P .2. Evaluate leftrankr(x) and rightrankr(x), obtaining the lexi
ographi
al interval (in the re-versed blo
ks) of blo
ks �nishing with P .3. For every rank r 2 leftrankr(x) : : : rightrankr(x), obtain the 
orresponding node in LZTrie,y = Node(rthr(r)). Now we have identi�ed the nodes in the normal trie that �nish with Pand have to report all their extensions, i.e., all their subtrees.4. For every su
h y, traverse all the subtree rooted at y and report every node found. In thispro
ess we 
an know the exa
t distan
e between the end of P and the end of the blo
k.Note that a single blo
k 
ontaining several o

urren
es will report ea
h of them, sin
e we willreport a subtree that is 
ontained in another subtree reported.Figure 6 illustrates the �rst part on our running example. Assume we sear
h for ab. We lookfor ba on RevTrie and rea
h the highlighted node. With leftrank and rightrank we �nd that thelexi
ographi
al range 
orresponding to its subtree is [6 : : : 7℄. For ea
h su
h position we use rthr todetermine the blo
k identi�er, so as to obtain the list of identi�ers of the subtree, f3; 9g.8
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Figure 4: Range data stru
ture for our running example. For instan
e, the pair of 
onse
utiveblo
ks 9:10 have reversed rank and rank, respe
tively, 7 and 8. Hen
e blo
k number 9 is stored atrow 7 and 
olumn 8 of the data stru
ture.Figure 7 shows the se
ond part of the sear
h on our running example. For ea
h blo
k in the listf3; 9g, we use Node to �nd the 
orresponding node in LZTrie, and report all the subtrees. Hen
eblo
k 3 leads us to report also blo
k 15, while blo
k 9 just reports itself. It is easy to dedu
e theo�set in the reported blo
ks, 
ounting from the end: the nodes in the list have o�set m to the endof the blo
k, their 
hildren m+ 1, their grand
hildren m+ 2, and so on.3.2.2 O

urren
es Spanning Two Blo
ksP 
an be split at any position, so we have to try them all. The idea is that, for every possible split,we sear
h for the reverse pattern pre�x in RevTrie and the pattern suÆx in LZTrie. Now we havetwo ranges, one in the spa
e of reversed strings (i.e., blo
ks �nishing with the �rst part of P ) and
1 2 3 4 5 6 7

LZ78 block numbers

P inside a
block

P spans 2
blocks

P spans 4
blocksFigure 5: Di�erent situations in whi
h P 
an mat
h inside T .9
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Figure 6: Reporting o

urren
es of type 1 of P = ab in our running example, �rst part.one in that of the normal strings (i.e. blo
ks starting with the se
ond part of P ), and need to �ndthe pairs of blo
ks (k; k+1) su
h that k is in the �rst range and k+1 is in the se
ond range. Thisis what the range sear
hing data stru
ture is for. Hen
e the steps are:1. For every i 2 1 : : : m� 1, split P in pref = P1:::i and suff = Pi+1:::m and do the next steps.2. Sear
h for pref r in RevTrie, obtaining x. Sear
h for suff in LZTrie, obtaining y.3. Sear
h for the range [leftrankr(x) : : : rightrankr(x)℄� [leftrankt(y) : : : rightrankt(y)℄ usingthe Range data stru
ture.4. For every pair (k; k + 1) found, report k. We know that Pi is aligned at the end of Bk.Figure 8 exempli�es the �rst part on our running example. Assume we sear
h for ala (we will�nd only its o

urren
es of type 2). We look for the suÆxes a and la on LZTrie, rea
hing thehighlighted nodes. With leftrank and rightrank we �nd that their ranges are [1,9℄ and [13,14℄,respe
tively.Figure 9 shows the se
ond part. We sear
h for the reverse pre�xes of ala, namely la and a, inRevTrie. The nodes rea
hed are highlighted. Their ranges are, respe
tively, [10,10℄ and [2,5℄.Finally, Figure 10 shows the last part of the sear
h. We join pre�x a with suÆx la, obtaininga 2-dimensional rank range (2,13):(5,14); and pre�x al with suÆx a, obtaining a 2-dimensionalrange (10,1):(10,9). Both ranges are sear
hed for in Range, and all the blo
k identi�ers found arereported. The o�sets are known from the splitting point.10
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Figure 7: Reporting o

urren
es of type 1 of P = ab in our running example, se
ond part.3.2.3 O

urren
es Spanning Three Blo
ks or MoreWe need one more observation for this part. Re
all that the LZ78/LZW algorithm guarantees thatevery blo
k represents a di�erent string. Hen
e, there is at most one blo
k mat
hing Pi:::j for ea
h
hoi
e of i and j. This fa
t severely limits the number of o

urren
es of this 
lass that may exist.The idea is, �rst, to identify the only possible blo
k that mat
hes every substring Pi:::j . Westore the blo
k numbers in m arrays Ai, where Ai stores the blo
ks 
orresponding to Pi:::j for allj. Then, we try to �nd 
on
atenations of su

essive blo
ks Bk, Bk+1, et
. that mat
h 
ontiguouspattern substrings. Again, there is only one 
andidate (namely Bk+1) to follow an o

urren
e ofBk in the pattern. Finally, for ea
h maximal 
on
atenation of blo
ks Pi:::j = Bk : : : B` 
ontained inthe pattern, we determine whether Bk�1 �nishes with P1:::i�1 and B`+1 starts with Pj+1:::m. If thisis the 
ase we 
an report an o

urren
e. Note that there 
annot be more than O(m2) o

urren
esof this type. So the algorithm is as follows:1. For every 1 � i � j � m, sear
h for Pi:::j in LZTrie and re
ord the node x found in Ci;j = x,as well as add (idt(x); j) to array Ai. The sear
h is made for in
reasing i and for ea
h i valuewe in
rease j. This way we perform a single sear
h in the trie for ea
h i. If there is no node
orresponding to Pi:::j we stop sear
hing and adding entries to Ai, and store null values inCi;j0 for j0 � j. At the end of every i-turn, we sort Ai by blo
k number. Mark every Ci;j asunused. 11
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Figure 8: Reporting o

urren
es of type 2 of P = ala in our running example, �rst part.2. For every 1 � i � j < m, for in
reasing j, try to extend the mat
h of Pi:::j to the right. We donot extend to the left be
ause this, if useful, has been done already (we mark used ranges toavoid working on a sequen
e that has been tried already from the left). Let S and S0 denoteidt(Ci;j), and �nd (S+1; r) in Aj+1. If r exists, mark Cj+1;r as used, in
rement S and repeatthe pro
ess from j = r. Stop when the o

urren
e 
annot be extended further (no su
h r isfound).(a) For ea
h maximal o

urren
e Pi:::r found ending at blo
k S su
h that r < m, 
he
kwhether blo
k S + 1 starts with Pr+1:::m, i.e., whether leftrankt(Node(S + 1)) 2leftrankt(Cr+1;m) : : : rightrankt(Cr+1;m). Note that leftrankt(Node(S + 1)) is the ex-a
t rank of node S + 1, sin
e every internal node is the �rst among the ranks of itssubtree. Note also that there 
annot be an o

urren
e if Cr+1;m is null. If r < m andblo
k S + 1 does not start with Pr+1:::m, then stop here and move to the next maximalo

urren
e.(b) If i > 1, then 
he
k whether blo
k S0 � 1 �nishes with P1:::i�1. For this sake, �ndNode(S0 � 1) and use the parentt operation to 
he
k whether the last i� 1 nodes, readba
kward, equal P r1:::i�1. If i > 1 and blo
k S0�1 does not �nish with P1:::i�1, then stophere and move to the next maximal o

urren
e.(
) Report node S0 � 1 as the one 
ontaining the beginning of the mat
h. We know thatPi�1 is aligned at the end of this blo
k.12



a l ab ar _ a_ lab_ala ard a_p ara _ap al abr arl a$
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

11

0
0

2
dba$ l

10

p r _

1
9 16

5

7

a

17
1

r _l
3 5

12
4

a

8

8

r

a

7

a

l

6
3

9 10

14

a r

16

a _

11

a_a
12 13

13

a b

14
4

a

15
15

a

17
6

2

reverse prefix "a"
leftrank = 2
rightrank = 5

reverse prefix "la"
leftrank = 10
rightrank = 10

Figure 9: Reporting o

urren
es of type 2 of P = ala in our running example, se
ond part.Note that we have to make sure that the o

urren
es reported span at least 3 blo
ks.Figure 11 exempli�es the �rst part on our running example. Assume we sear
h for alaba. Welook for all the substrings of P and �ll matrix C and the A ve
tors.Figure 12 shows the se
ond part. We obtain the maximal o

urren
es from the A ve
tors. Inour example, we 
ould join blo
ks B1 to B3 in a single maximal o

urren
e.Figure 13 shows the third part of the sear
h. We 
he
k that the maximal o

urren
es 
ontinueappropriately to the end of the pattern. Three maximal o

urren
es pass the test, for exampleB1 : : : B3 = P1:::4, sin
e Node(4) is below node C5;5.Finally, Figure 14 shows the last part of the sear
h. We 
he
k that the maximal o

urren
es
ontinue appropriately to the beginning of the pattern. Two o

urren
es pass the test and arereported, for example B9 : : : = P2:::, sin
e reading upwards from Node(8) we obtain P r1:::1.Figure 15 depi
ts the whole algorithm. O

urren
es are reported in the format (k; offset),where k is the identi�er of the blo
k where the o

urren
e starts and offset is the distan
e betweenthe beginning of the o

urren
e and the end of the blo
k.If we want to show the text surrounding an o

urren
e (k; offset), we just go to LZTrie usingNode(k) and use the parentt pointers to obtain the 
hara
ters of the blo
k in reverse order. If theo

urren
e spans more than one blo
k, we do the same for blo
ks k + 1, k + 2 and so on until thewhole pattern is shown. We also 
an show larger blo
k numbers as well as blo
ks k� 1, k� 2, et
.in order to show a larger text 
ontext around the o

urren
e. Indeed, we 
an re
over the wholetext by repeating this pro
ess for k 2 0 : : : n. 13
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Figure 10: Reporting o

urren
es of type 2 of P = ala in our running example, third part.4 A Su

in
t Index RepresentationWe show now how the data stru
tures used in the algorithm 
an be implemented using little spa
e.It should be 
lear that this is part of our theoreti
al proposal, whi
h guarantees the 
omplexitieswe have promised. In Se
tion 6 we will 
hange several de
isions in order to obtain a pra
ti
alimplementation.Let us �rst 
onsider the tries. Munro and Raman [22℄ show that it is possible to store a binarytree of N nodes using 2N+o(N) bits su
h that the operations parent(x), left
hild(x), right
hild(x)and subtreesize(x) 
an be answered in 
onstant time. Munro et al. [23℄ show that, using the samespa
e, the following operations 
an also be answered in 
onstant time: leafrank(x) (number ofleaves to the left of node x), leafsize(x) (number of leaves in the subtree rooted at x), leftmost(x)and rightmost(x) (leftmost and rightmost leaves in the subtree rooted at x).In the same paper [23℄ they show that a trie 
an be represented using this same stru
ture byrepresenting the alphabet � in binary. This trie is able to point to an array of identi�ers, so thatthe identity of ea
h leaf 
an be known. Moreover, path 
ompressed tries (where unary paths are
ompressed and a skip value is kept to indi
ate how many nodes have been 
ompressed) 
an berepresented without any extra spa
e 
ost, as long as there exists a separate representation of thestrings stored readily available to 
ompare the portions of the pattern skipped at the 
ompressedpaths. 14
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Figure 11: Reporting o

urren
es of type 3 of P = alaba in our running example, �rst part.We use the above representation for LZTrie as follows. We do not use path 
ompression, butrather 
onvert the alphabet to binary and store the n+ 1 strings 
orresponding to ea
h blo
k, inbinary form, into LZTrie. For reasons that are made 
lear soon, we pre�x every binary represen-tation with the bit \1". So every node in the binary LZTrie will have a path of length 1 + log2 �to its real parent in the original LZTrie, 
reating at most 1 + log2 � internal nodes. We make surethat all the binary trie nodes that 
orrespond to true nodes in the original LZTrie are leaves inthe binary trie. For this sake, we use the extra bit allo
ated: at every true node that happens tobe internal, we add a leaf by the bit 0, while all the other 
hildren ne
essarily des
end by the bit 1.Hen
e we end up with a binary tree of n(1 + log2 �) nodes, whi
h 
an be represented using2n(1 + log2 �) + o(n log �) bits. The identity asso
iated to ea
h leaf x will be idt(x). This arrayof node identi�ers is stored in order of in
reasing rank, whi
h requires n log2 n bits, and permitsimplementing rtht in 
onstant time.The operations parentt and 
hildt 
an therefore be implemented in O(log �) time. Theremaining operations, leftrank(x) and rightrank(x), are 
omputed in 
onstant time usingleafrank(leftmost(x)) and leafrank(rightmost(x)), sin
e the number of leaves to the left 
or-responds to the rank in the original trie.For RevTrie we have up to n leaves, but there may be up to u internal nodes. We use also thebinary string representation and the tri
k of the extra bit to ensure that every node that representsa blo
k is a leaf. In this trie we do use path 
ompression to ensure that, even after 
onverting15
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B(1)..B(3) = "alab" B(9) = "lab"Figure 12: Reporting o

urren
es of type 3 of P = alaba in our running example, se
ond part.the alphabet to binary, there are only n nodes to be represented. Hen
e, all the operations 
an beimplemented using only 2n+ o(n) bits, plus n log2 n bits for the identi�ers.It remains to explain how we store the representation of the strings in the reverse trie, sin
e inorder to 
ompress paths one needs the strings readily available elsewhere. Instead of an expli
itrepresentation, we use the same LZTrie. Assume that we are at a reverse trie y node representingstring a, and we have to 
onsider going down to the 
hild node x. To �nd out whi
h is the string bjoining y to x, we obtain, using Node(rthr(leftrank(x)) and Node(rthr(rightrank(x)), two nodesin LZTrie. We have to go up from both nodes until we read ar (string a reversed), and then we
ontinue going up to the parent in LZTrie. What we read after ar is br. The pro
ess �nisheswhen the 
hara
ters read from both nodes is di�erent or one rea
hes the root of LZTrie. Notethat advan
ing to a 
hild may require O(m log �) time in RevTrie.For the Node mapping we simply have a full array of n log2 n bits.Finally, we need to represent the data stru
ture for range sear
hing, Range, where we store nblo
k identi�ers k (representing the pair (k; k+1)). Among the plethora of data stru
tures o�eringdi�erent spa
e-time tradeo�s for range sear
hing [2, 13℄, we prefer one of minimal spa
e requirementby Chazelle [5℄. This stru
ture is a perfe
t binary tree dividing the points along one 
oordinate plusa bu
keted bitmap for every tree node indi
ating whi
h points (ranked by the other 
oordinate)belong to the left 
hild. There are in total n log2 n bits in the bu
keted bitmaps plus an array ofthe point identi�ers ranked by the �rst 
oordinate whi
h represents the leaves of the tree.This stru
ture permits two dimensional range sear
hing in a grid of n pairs of integers in therange [0 : : : n℄ � [0 : : : n℄, answering queries in O((R + 1) log n) time, where R is the number ofo

urren
es reported. A newer te
hnique for bu
keted bitmaps [11, 21℄ needs N + o(N) bits torepresent a bitmap of length N , and permits the rank operation (now meaning number of 1'sup to a given position) and its inverse in 
onstant time. Using this te
hnique, the stru
ture ofChazelle requires just n log2 n(1 + o(1)) bits to store all the bitmaps. Moreover, we do not needthe information at the leaves, whi
h maps rank (in a 
oordinate) to blo
k identi�ers: as long as weknow that the r-th blo
k quali�es in normal (or reverse) lexi
ographi
al order, we 
an use rtht (or16
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Figure 13: Reporting o

urren
es of type 3 of P = alaba in our running example, third part.rthr) to obtain the identi�er k + 1 (or k).5 Spa
e and Time ComplexityFrom the previous se
tion it be
omes 
lear that the total spa
e requirement of our index isndlog2 ne(4 + o(1)) bits. The tries and Node 
an be built in O(u log �) time, while Rangeneeds O(n log n) 
onstru
tion time. Sin
e n log n = O(u log �) [4℄, the overall 
onstru
tion timeis O(u log �). Let us now 
onsider the sear
h time of the algorithm.Finding the blo
ks that totally 
ontain P requires a sear
h in RevTrie of 
ost O(m2 log �).Later, we may do an indeterminate amount of work, but for ea
h unit of work we report a distin
to

urren
e, so we 
annot work more than R, the size of the result.Finding the o

urren
es that span two blo
ks requires m sear
hes in LZTrie and m sear
hes inRevTrie, for a total 
ost of O(m3 log �), as well as m range sear
hes requiring O(m log n+R log n)(sin
e every distin
t o

urren
e is reported only on
e).Finally, sear
hing for o

urren
es that span three blo
ks or more requiresm sear
hes in LZTrie(all the Ci;j for the same i are obtained with a single sear
h), at a 
ost of O(m2 log �). Extendingthe o

urren
es 
osts O(m2 logm). To see this, 
onsider that, for ea
h unit of work done in theloop of lines 27{29 in Figure 15, we mark one C 
ell as used and never work again on that 
ell.There are O(m2) su
h 
ells. This means that we make O(m2) binary sear
hes in the Ai arrays. The
ost to sort the m arrays of size m is also O(m2 logm). The �nal veri�
ations to the right and to17
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Figure 14: Reporting o

urren
es of type 3 of P = alaba in our running example, fourth part.the left 
ost O(1) and O(m log �), respe
tively, and there may be O(m2) independent veri�
ations.Note that we have not in
luded the time to sear
h the left pie
e in RevTrie, in whi
h 
ase the 
ostswould have raised to O(m4 log �). The reason is that, overall, we have to sear
h for every reversedsubstring of P , whi
h requires O(m2) moves in RevTrie, for a total 
ost of O(m3 log �).Hen
e the total sear
h 
ost to report the R o

urren
es of pattern P1:::m is O(m3 log � + (m+R) log n). If we 
onsider the alphabet size as 
onstant then the algorithm is O(m3+(m+R) log n).The existen
e problem 
an be solved in O(m3 log � +m log n) time (note that we 
an disregard inthis 
ase blo
ks totally 
ontaining P , sin
e these o

urren
es extend others of the other two types).Finally, we 
an un
ompress and show the text of length L surrounding any o

urren
e reported inO(L log �) time, and un
ompress the whole text T1:::u in O(u log �) time.Chazelle [5℄ permits several spa
e-time tradeo�s in his data stru
ture. In parti
ular, by payingO �1"n log n� spa
e, reporting time 
an be redu
ed to O(log" n). If we pay for this spa
e 
omplexity,then our sear
h time be
omes O(m2 log(m�) +m log n+R log" n).
18



Sear
h (P1:::m, LZTrie, RevTrie, Node, Range)1. /* Lying inside a single blo
k */2. x sear
h for P r in RevTrie3. For r 2 leftrankr(x) : : : rightrankr(x) Do4. y  Node(rthr(r))5. For z in the subtree rooted at y Do6. Report (idt(z);m+ depth(y)� depth(z))7. /* Spanning two blo
ks */8. For i 2 1 : : :m� 1 Do9. x sear
h for P r1:::i in RevTrie10. y  sear
h for Pi+1:::m in LZTrie11. Sear
h for [leftrankr(x) : : : rightrankr(x)℄�[leftrankt(y) : : : rightrankt(y)℄ in Range12. For (k; k + 1) in the result of this sear
h Do Report (k; i)13. /* Spanning three or more blo
ks */14. For i 2 1 : : :m Do15. x root node of LZTrie16. Ai  ;17. For j 2 i : : :m Do18. If x 6= null Then x 
hildt(x; Pj)19. Ci;j  x20. usedi;j  false21. If x 6= null Then Ai  Ai [ (idt(x); j)22. For j 2 1 : : :m Do23. For i 2 i : : : j Do24. If Ci;j 6= null and usedi;j = false Then25. S0  idt(Ci;j)26. S  S0 � 1; r  j � 127. While (S + 1; r0) 2 Ar+1 Do /* always exists the 1st time */28. usedr+1;r0  true29. r  r0; S  S + 130. span S � S0 + 131. If i > 1 Then span span+ 132. If r < m Then span span+ 133. If span � 3 Then34. If Cr+1;m = null orleftrankt(Cr+1;m) � leftrankt(Node(S + 1)) � rightrankt(Cr+1;m) Then35. x Node(S0 � 1); i0  i� 136. While i0 > 0 and parentt(x) 6= nulland x = 
hild(parentt(x); Pi0 ) Do37. x parentt(x); i0  i0 � 138. If i0 = 0 Then Report (S0 � 1; i� 1)Figure 15: The sear
h algorithm. The value depth(y)� depth(z) is determined on the 
y sin
e wetraverse the whole subtree of z. 19



6 Implementation: Theory and Pra
ti
eWe des
ribe in this se
tion the implementation of our index. We review the data stru
tures usedone by one, as there are interesting lessons on theory versus pra
ti
e for ea
h of them.To demonstrate the results in pra
ti
e, we have 
hosen two di�erent text 
olle
tions. The�rst, ziff, 
ontains 83.37 megabytes (Mb) obtained from the \ZIFF-2" disk of the TREC-3 
olle
tion [10℄. The se
ond, dna, 
ontains 51.48 Mb from GenBank (Homo Sapiens DNA,http://www.n
bi.nlm.nih.gov), with lines 
ut every 60 
hara
ters. We use the whole 
olle
-tions as well as in
remental subsets of them.Our tests have been run on a Pentium IV pro
essor at 2 GHz, 512 Mb of RAM and 512kilobytes (Kb) of 
a
he, running Linux SuSE 7.3. We 
ompiled the 
ode with g

 2.95.3 usingoptimization option -O9. Times were obtained using 10 repetitions for indexing and 10,000 forsear
hing, obtaining per
entual errors below 1% with 95% 
on�den
e. As we work only in mainmemory, we only 
onsider CPU times.The sear
h patterns were obtained by pruning text lines to their �rst m 
hara
ters. In the 
aseof dna we avoided patterns with 5 or more 'N' 
hara
ters, whi
h represents an unknown 
hara
terand is not sear
hable. For ziff we avoided lines 
ontaining tags and non-visible 
hara
ters su
h as'&'.6.1 Bu
keted BitmapsOne of the lowest level data stru
tures is the bu
keted bitmap. This is an array of bits able toanswer the query rank(i), whi
h is the number of 1's before position i. In [11, 21℄ they show howto use `+ o(`) bits to represent a bitmap of length `, implementing rank and its inverse (sele
t) in
onstant time. It turns out that we need just rank, whi
h is the easiest.A

ording to [21℄, one should divide the bitstream into superblo
ks of size s = log22 `, ea
hof whi
h should be divided into blo
ks of size b = (log2 `)=2. For ea
h superblo
k one storesthe number of 1's present before the superblo
k. The same is done for the blo
ks, but 
ountingonly from the beginning of its superblo
k. Hen
e we need `= log2 ` bits for the superblo
ks and4` log2 log2 `= log2 ` bits for the blo
ks. Finally, a table is built with pre
omputed answers for allthe possible blo
k 
ontents and i values, whi
h takes 2bb log2 b = 12p` log2 `(log2 log2 ` � 1). Forexample, if ` = 226 (64 megabits), the extra spa
e turns out to be 81.40% over that of the bitstreamitself. Note that, sin
e we use bit streams to represent parentheses, ` = 64 megabits will meann = 32 mega-Ziv-Lempel-blo
ks, whi
h roughly 
orresponds to 320 Mb of text. This shows thatthe \sublinear" part de
reases rather slowly.Note that the table of pre
omputed answers does no more than \pop
ounting", that is, 
ountingthe number of 1's in a bit mask. There are well known folklore solutions to do this without apre
omputed table. Probably the best isx = x - ((x>>1) & 0x77777777) - ((x>>2) & 0x33333333) - ((x>>3) & 0x11111111)pop
ount = ((bx + (bx>>4)) & 0x0F0F0F0F) % 0xFFwhere a 
omputer word of 32 bits is assumed. The idea is to add up the 1's by 
onse
utive pairs,so as to obtain 2-bit sums, then add up pairs of 2-bit sums to obtain 4-bit sums, and so on.For a 
omputer word of w bits, the pro
edure requires O(logw) operations. In the RAM model20



w = O(log `), so the 
ost be
omes O(log log `) instead of 
onstant. For 32 bits, the above solutionrequires 13 operations, all on a single register. This is usually faster than a single a

ess to RAMmemory.A reasonable prin
iple in our balan
e between theory and pra
ti
e is to 
onsider O(log log `) asgood as a 
onstant. Indeed, log2 log2 ` � 5 for ` � 232, whi
h is usually mu
h larger than any sizewe will handle in main memory. Moreover, log2 log2 ` � 6 for ` � 264, whi
h is 16 million terabits.Sin
e we repla
e the pre
omputed table by pop
ounting, we 
an set b = w. Using superblo
ksof size s gives a spa
e requirement of (`=s) log2 `+(`=b) log2 s bits. Optimizing we get s = b log2 ` =w log2 `. On
e we obtain the number of bits to represent a value in [0; s � 1℄ (that is, dlog2 se, werede�ne s as 2dlog2 se to make the best use of the bits in the blo
ks.Our above example with 64 megabits, using w = 32, would be as follows: s = 32 � 26 = 832,hen
e we need dlog2 se = 10 bits per blo
k 
ounter, and rede�ne s = 1024. We need only 33.79%of extra spa
e. Figure 16 (right) shows, among other things, the experimental spa
e overhead ofthe bitmaps in our examples. It ranges between 33.30% and 33.60% as expe
ted.Superblo
k and blo
k 
ounters are stored in separate arrays of bits, so that ea
h number usesthe �xed number of bits we assigned to superblo
ks and blo
ks. The bitstream, on the other hand,is stored as a sequen
e of 
omputer words.In order to obtain rank(i), we add (1) the value of the superblo
k 
ounter number i >> dlog2 se;(2) the value of the blo
k 
ounter number i >> log2w; (3) the pop
ount of the word numberi >> log2 w of the bitstream, after removing all but the �rst x bits of it, where x is given by thelog2 w lowest bits of i. Sin
e we use powers of 2, we 
an resort to bit shifting instead of the slowermultipli
ation and division.6.2 Balan
ed ParenthesesThe proposals in [22, 23℄ to handle trees and tries in su

int spa
e build on top of a su

intrepresentation of a sequen
e of balan
ed parentheses. As we follow the same path, we study nowin depth a pra
ti
al implementation, keeping in mind that our goal is to represent a general treein the obvious way (an
estors en
lose their des
endants).The solution proposed in [22℄ to store a sequen
e of p parentheses uses o(p) extra spa
e andpermits exe
uting the following operations in 
onstant time: findopen(i) and find
lose(i) �nd theposition of the opening(
losing) parenthesis that mat
hes 
losing(opening) parenthesis at positioni; ex
ess(i) gives the ex
ess of opening parentheses over 
losing parentheses up to position i;and en
lose(i) gives the opening position of the 
losest parentheses pair that en
loses openingparenthesis i.In pra
ti
e, the solution of [22℄ is overwhelmingly 
ompli
ated, involving a 
omplex stru
turethat is repli
ated at three levels (big, small, and tiny blo
ks). Whi
h is worse, the extra \sublinear"spa
e is extremely large in pra
ti
e. The authors mention that the sequen
e should have more than20 million bits before the ex
ess be
omes less than 100%. However, the situation is mu
h worse. Wemade the exer
ise of adding up all the sublinear-size data stru
tures for our 64 megabit example,and it turned out that the extra spa
e is 15 times p. Moreover, we did not 
ount a pre
omputedtable whose size is 24(log2 log2 p)28(log2 log2 p)2(2 + 2 log2 log2 log2 p) � 2111 bits.It may be true that this overhead is ne
essary to ensure 
onstant time in the required operations.But it is also 
lear that we 
annot go ahead with this approa
h in pra
ti
e. Hen
e we design a21



simpler s
heme that guarantees O(log log p) average time and (almost) guarantees bounded extraspa
e. We do reuse some of the ideas of [22℄, but we 
ombine them with pra
ti
al 
onsiderations.6.2.1 General S
hemeWe represent the balan
ed sequen
e of parentheses as a bu
keted bitmap, where 0 represents anopening parenthesis and 1 a 
losing parenthesis. This gives us the rank(i) operation (Se
tion 6.1),whi
h makes our ex
ess(i) operation extremely simple, as it is the number of 0's minus 1's. Thisis a simple fun
tion of rank(i), namely ex
ess(i) = i� 2� rank(i). We use the ex
ess(i) fun
tionseveral times in whi
h follows.Let us for now fo
us on findopen(i) and find
lose(i), as ex
ess(i) will then 
ome easily. Givenan opening (for find
lose()) or 
losing (for findopen()) parenthesis, what we need is to know theposition of its mat
hing parenthesis.Our aim is to expli
itly store the position of the mat
hing parenthesis only for large subtrees(re
all that our parentheses represent general trees). That is, if a subtree has less than b=2 nodes(b parentheses) we will �nd its mat
hing parenthesis by brute for
e, that is, looking at the bits thatfollow or pre
ede it until we �nd the �rst with the same ex
ess. We will not work more than O(b)at this. For larger subtrees, we will store the answer dire
tly in a hash table. If there are no unarynodes, then there 
annot be more than p=b large subtrees.This is not enough if we attempt to work O(log log p), sin
e we would have to store p=b numbersof log2 p bits, for a total spa
e requirement of O(p log p= log log p). We instead de�ne three types ofparentheses: \
lose" parentheses are those whose mat
hing parentheses are at distan
e at most b;\near", between b+1 and s; and \far", farther than s bits away. The hash table for far parenthesesuses log p bits to store the values, while that for near parentheses uses just log s bits (we do notstore the absolute position of the mat
hing parenthesis but its distan
e from the argument). Closeparentheses are solved by brute for
e.6.2.2 HashingImplementing the hashing s
heme is not as trivial as it might seem. We ex
lude perfe
t hashing,whose implementation is not pra
ti
al for our very large data sets2. We opt for a 
losed hashings
heme with table size at least 1.8 times the number of elements, whi
h is a good tradeo� betweenspa
e and sear
h time (expe
ted number of a

esses per sear
h is 2.25)3. Hashing is done bymultiplying the key by a large 
onstant prime, and rehashing by adding another su
h prime (so wesu�er from 
lustering, but address 
omputation is 
heaper). The table size is a power of 2 to avoid
omputing modulus. This turned out to be mu
h faster at a small pri
e in spa
e.The interesting problem we have to fa
e is how to handle 
ollisions without storing the keys(as the keys are absolute positions requiring log2 p bits). In general there would be no solutionto this problem: there is no way to distinguish to whi
h of two 
olliding keys does a given value
orrespond. However, in our parti
ular 
ase, an elegant solution exists.2We found good implementations, by the authors, of the best 
urrent s
hemes, and they 
ould not handle morethan a few thousand keys. See http://www.amk.
a/python/
ode/perfe
t-hash.html.3We are 
onsidering the 
ost of an unsu

essful sear
h, 1=(1 � �), � = 1=1:8, be
ause, as it should be 
lear fromthe next paragraphs, we have to 
onsider all the elements that 
ollide before de
iding whi
h is ours.22



Imagine that we sear
h for a given parenthesis position in our hash table and re
over a set ofpossible answers (
orresponding to other keys that have 
ollided with our key). Ea
h su
h answergives a possible distan
e to our mat
hing parenthesis. It is not hard to dis
ard those 
andidatesto mat
hing positions whose ex
ess is di�erent from that of our key. However, there 
ould be stillseveral 
andidates with the 
orre
t ex
ess. If we know that our key is in the table, then our solutionis in the answer and it 
an only be the 
losest mat
hing position with 
orre
t ex
ess. This givesus a simple solution, with the only restri
tion that we have to be sure that our key is in the set(otherwise we 
ould get 
onfused with the answer for a 
olliding key).We �rst try to �nd the mat
hing parenthesis by brute for
e up to distan
e b. If we fail, thenthe parenthesis is either near or far. We sear
h the hash table of near parentheses, assuming thatthe parenthesis is near. If it is, we will �nd the 
orre
t answer. If it is not, no 
olliding answer 
anfool us, be
ause every position between our key and the answer has ex
ess larger than that of ourkey (be
ause the sequen
e is balan
ed), and the answers of the near table 
an give us only nearpositions. Hen
e we will dete
t that our parenthesis is far be
ause no suitable answer will be foundin the set of answers. In that 
ase, we will sear
h the far table, where the answer surely is.We remark that, although we have to 
onsider \sets" of 
olliding answers for 
orre
tness, inpra
ti
e we expe
t typi
ally at most two 
olliding answers.In prin
iple, we need indeed two near and two far tables: one for opening and one for 
losingparenthesis, to implement findopen(i) and find
lose(i), respe
tively. Soon we will show a slightmodi�
ation to this idea.6.2.3 Brute For
e Sear
hFinally, let us look in depth at the solution for small subtrees (not in the hash tables). We do notreally sear
h for their mat
hing parenthesis bit by bit. We rather pro
ess the following or pre
edingbits by 
hunks of k bits. This is done as follows. For every di�erent k-bit stream, we pre
omputeits ex
ess, and also, for every j 2 1 : : : k, the �rst position of the k-bit stream where the ex
essbe
omes �j, if any.To solve find
lose(i), we isolate the b bits following position i and traverse them by 
hunks:We ask if the ex
ess �1 is rea
hed in the �rst 
hunk. If it is, the position where this happensis that of the 
losing parenthesis. Otherwise, let e1 be the ex
ess of the �rst 
hunk. We then
onsider the se
ond 
hunk, looking for ex
ess �1� e1. If it is rea
hed inside the se
ond 
hunk, wehave the answer, otherwise, if e2 is the ex
ess of the se
ond 
hunk, we 
ontinue looking for ex
ess�1� e1 � e2, and so on. If we exhaust the b bits without a solution, then the answer is not 
lose.Solving findopen(i) is almost identi
al, pre
omputing tables that look for positive instead ofnegative ex
esses, and 
onsidering the sequen
es right to left.6.2.4 Solving en
lose(i)The operation en
lose(i) 
an indeed be solved using findopen() as follows. If we are the �rst 
hildof our parent, we 
an dete
t that be
ause the parenthesis at position i�1 is an opening parenthesis,and in this 
ase this is the opening position of the parent (en
losing pair). Otherwise, we 
an �ndthe previous sibling as findopen(i � 1). We traverse the sequen
e of siblings ba
kward until we�nd the parent. 23



There is no 
omplexity guarantee for this operation ex
ept the arity of the parent. In ourappli
ation this will be � in the worst 
ase. In pra
ti
e, this turned out to be rather slow andthe operation turned out to be needed in many pla
es of the overall s
heme, ruining the overallperforman
e.Hen
e we preferred to dire
tly store the en
losing parenthesis of ea
h opening parenthesis. Thisis the last parenthesis before i whose ex
ess is one less than the ex
ess of i. It turns out that thehashing s
heme des
ribed above �ts perfe
tly well, and 
ollisions 
an be handled the same way.The brute for
e sear
h for 
lose parentheses is also very similar to that of findopen(). Moreover,findopen() itself is not used elsewehere in our appli
ation, so we do not need to store informationon 
losing parentheses.The only drawba
k of this approa
h that there will be mu
h more near and far parentheses,as en
losing parentheses are farther away than mat
hing parentheses. The resulting overhead isnot negligible but the whole sear
h pro
ess be
omes mu
h faster. A way to limit the number ofnear and far parentheses is to see that a subtree of size at most b (s) will have all 
lose answersinside, but its root 
an have a near (far) answer. In pra
ti
e we are in
luding one extra level of thetree in the hash tables, whi
h 
an give us at most � � 2 times more extra spa
e than for mat
hingparentheses (the �rst 
hild has always a 
lose answer, as well as, almost always, the next sibling ofa small subtree).6.2.5 EvaluationWith the above approa
h we solve any of the operations working at most O(b=k) plus two sear
heson hash tables, whi
h are O(1) on average. Assuming there are no unary nodes, the spa
e is atmost 1:8� ((�� 1)p=s) log2 p+1:8� ((�� 1)p=b) log2 s+2k(2k+1) log2 k bits, where the �rst termis for the far parentheses, the se
ond for the near parentheses, and the third for the pre
omputedtables. The value �� 1 
omes from 1 (for find
lose()) plus �� 2 (for en
lose()), the fa
tor 2 fromthe guarantee of 2p=s or 2p=b large trees, and the 1.8 from the hashing load fa
tor.The optimum is s = b log2 p. If b = log2 p and k = log2 p= log2 log2 p, then s = log22 p. Our sear
h
ost remains O(log log p) and the spa
e requirement is sublinear and reasonable. In our exampleof 64 megabits, and assuming � = 4, we have an overhead of 2.28 times the stream size, plus a
onstant number of 1248 bits (re
all that this is an upper bound, it is mu
h better on average).Using hash tables that are powers of 2 may drive this extra spa
e up to 4.56 in the worst 
ase.In pra
ti
e k 
an be made larger. For obvious pra
ti
al reasons we have 
hosen to �x k = 8,so we advan
e by bytes. Our 
onstant size tables take 4.25 Kb, whi
h admits good 
a
hing. We�x b = w, in our 
ase b = 32. This means that we �rst pro
ess the �rst 4 bytes, one by one, andthen go to the hash tables if ne
essary. We keep s = b log2 p. Re
onsidering our example, we needat most 1.86 times the bitstream size plus 4.25 Kb (these tables are the same no matter how manybitstreams we handle, so they 
an be 
onsidered as part of the program size).These �gures are mu
h better than 15 times the bitstream size. Re
all, however, that they
ome from a simpli�ed analysis and that they assume there are no unary nodes.Figure 16 shows the spa
e overheads in
urred in our example tests. On the left we have plottedthe per
entage of \near" and \far" parentheses both in LZTrie and RevTrie (parent(i) is notused on RevTrie). On the right we have plotted the overall spa
e overhead to represent balan
edparentheses, in
luding those attributed to the bu
keted bitmaps. As we 
an see, only 2% to 7%24



of the parentheses have to be stored in the \near" hash table, and 0.04% to 0.6% are stored inthe \far" tables. The per
entages seem to stabilize for large texts. The overhead due to thesehash tables is, for LZTrie 1.5 to 3.6 times the spa
e of the parentheses themselves, and 0.5 to 0.8for RevTrie. The reason for the di�eren
e among the tries is the la
k of en
lose() informationon RevTrie. The reason for the 
u
tuations in the �gures is that we require the hash table sizeto be a power of two to avoid 
omputing modulus. We 
ould 
hange this de
ision to remove the
u
tuations, but we would pay mu
h more in terms of sear
h time, and these 
u
tuations hardlyin
uen
e the overall index size (see later).
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Figure 16: Di�erent aspe
ts of the spa
e overhead to store balan
ed parentheses.6.3 LZTrieWe again 
hoose to 
hange the theoreti
al approa
h of [22℄, although we again reuse some of theirideas.6.3.1 Stru
tureInstead of 
onverting our alphabet to binary and representing the trie as a binary tree and this inturn as a sequen
e of parentheses of maximum arity 2, we 
hoose to dire
tly represent the trie in its25



general tree form, as a sequen
e of parentheses. The main 
onsequen
e is that, by 
onverting thealphabet to binary, we would pay O(log �) for any 
hild(i; a) operation, while with a representationas a general tree we 
ould pay O(�), assuming we sear
h linearly for the proper 
hild a. In pra
ti
e,however, only the highest nodes of the trie have a signi�
ant arity, while most of them will havemu
h less than log2 �. On the other hand, the dire
t implementation as a general tree is mu
hsimpler and requires less spa
e. To alleviate the arity problem, the answers for the (at most �)
hildren of the root are pre
omputed.The LZTrie stru
ture 
ontains a sequen
e of parentheses representing the trie stru
ture, asequen
e lets of 
hara
ters that label ea
h edge of the trie, in preorder, and a sequen
e ids of blo
kidenti�ers, also in preorder. Given a node (represented as the position i of its opening parenthesis),its position in the sequen
e of letters/identi�ers is easily obtained: it 
orresponds to the number ofopening parentheses (0's) before position i, that is, i � rank(i). Hen
e the letter by whi
h node ides
ends from its parent and its identi�er are easily obtained.6.3.2 Implementing the OperationsTo 
ompute 
hild(i; a), the 
hild of node i by letter a, we examine the 
hildren of i until we �nd(or not) one that des
ends by a (we 
an stop if we �nd a letter larger than a). The �rst 
hild isj = i + 1 and the others are obtained as j = find
lose(j) + 1. The 
hildren �nish when j is a
losing parenthesis. To go to the parent node we simply use parent(i) = en
lose(i).Figure 17 shows the number of invo
ations to find
lose() per 
all to 
hild(i; a). It shows thatin pra
ti
e the 
ost of this operation in the 
ase of dna is around 2. For ziff, on the other hand,it is around 10{12. It is mu
h higher, however, for short patterns (be
ause for them most of thesear
hes o

ur in the top of the trie, where arities are larger). For short patterns the 
ost of thetrie sear
h is negligible 
ompared to the overall sear
h 
ost, as will be 
lear later.Note that for very short dna patterns (m = 5), having the �rst level of the trie prepro
essedhas a great in
uen
e on the overall time. Note also that there is a slight in
rease as the text grows,as expe
ted.The other fun
tions we have to provide are easily implementable. First, subtreesize(i), thenumber of nodes of the subtree rooted at i, is simply half the number of parentheses en
losedby node i, subtreesize(i) = (find
lose(i) � i + 1)=2. Se
ond, depth(i), the depth in the tree ofnode i, is exa
tly ex
ess(i). Third, leftrank(i) and rightrank(i), the �rst and last lexi
ographi
alpositions of strings below node i, are simply leftrank(i) = i � rank(i) (as node i represents thesmallest string in the subtree) and rightrank(i) = j�rank(j)�1, where j = find
lose(i). Fourth,rth(pos), the blo
k identi�er of the pos-th string in the trie, is just ids(pos). Fifth, an
estor(i; j)4tells whether node i is an an
estor of j, and is just an
estor(i; j) = i � j � find
lose(i). Finally,the letter and identi�er of node i 
an be easily rewritten as letter(i) = lets(leftrank(i)) andid(i) = ids(leftrank(i)). We also implement simple fun
tions that permit traversing the trie indepth �rst sear
h order (not 
aring about the letters), whi
h is useful to report whole subtrees(o

urren
es of type 1).4A new operation we have in
luded for 
onvenien
e, as seen later.
26
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lose() invo
ations to �nd the proper 
hild in the 
hild(i; a) operation.6.3.3 Constru
tionLZTrie is built as follows. We traverse the text and at the same time build a normal trie of thestrings represented by Ziv-Lempel blo
ks. At step k, we read the text that follows and step downthis trie until we 
annot 
ontinue. At this point we 
reate a new blo
k (assigning it next blo
knumber k), go to the root again, and go on with step k+1 reading the rest of the text. The pro
ess�nishes when the last blo
k �nishes with the text terminator \$".Figure 18 (left) shows the 
onstru
tion times for LZTrie. We have identi�ed four steps: (i)
reation of normal trie, where the text is read and the normal trie (with pointers) is built; (ii)representation of this trie using parentheses, whi
h involves simply traversing it and writing downbits when a new tree is started/�nished; (iii) freeing the normal trie, whi
h is essential to limitthe overall 
onstru
tion RAM spa
e; and (iv) 
reation of the 
ompressed trie representation, whi
hmeans 
reating a balan
ed parentheses data stru
ture using the bit stream that represents the trie,and 
reating the arrays of letters and identi�ers.As expe
ted, the most time-
onsuming pro
ess is by far the 
reation of the trie. This showsthat any improvement on this aspe
t will result in a signi�
ant de
rease of the overall 
onstru
tiontime. It is also 
lear that the times are slightly superlinear, although the algorithms are 
learly27



linear, both in the average and worst 
ase. The reason is most probably the redu
ed lo
ality ofreferen
e as larger tries are built. At their maximum sizes, the overall 
onstru
tion speed is about3 Mb/se
 for dna and 2 Mb/se
 for ziff.In fa
t, freeing the trie was initially time 
onsuming too, as we had to free all the individualnodes. As there were few di�erent sizes to work with, we de
ided to 
reate our own memorymanager handling obje
ts of �xed size, using a di�erent manager for ea
h di�erent obje
t size.This manager allo
ates nodes in blo
ks, and freeing them is mu
h faster than the naive approa
h.Some programming languages (like Modula-2) or runtime support systems provide independent\heaps", that is, memory areas that are allo
ated and freed on
e and that support allo
ation ofmemory inside them. This kind of heap is what we would really need.6.3.4 Extra Spa
eFigure 18 (right) shows the extra spa
e needed by LZTrie. The larger value is the spa
e (as afra
tion of the text size) needed by the normal trie. The smaller value is the spa
e after we haveit in 
ompressed form. It 
an be seen that the spa
e requirement drops as the text grows, whi
his a 
onsequen
e of having a number of nodes equal to the number of blo
ks, whi
h grows asn = O(u= log u). For large texts, the extra spa
e needed to build the normal trie be
omes 1.7 to2.0 times the text size. This spa
e is freed as soon as we have enough information to build the
ompressed representation.6.4 NodeThere is nothing spe
ial in the implementation of the Node data stru
ture. Node is just a bitstream with as many bits as ne
essary to represent n nodes of LZTrie (that is, positions 0 to2n� 1). It is built as the inverse of the array ids of LZTrie.6.5 RevTrie6.5.1 Stru
tureThe reverse trie has several similarities with LZTrie, but also some important di�eren
es. Thetrie is also represented by a sequen
e of balan
ed parentheses and a sequen
e of blo
k identi�ers,but this time (1) the edge between two nodes 
an be labeled by a string, whi
h is not represented;(2) we remove unary nodes that have no blo
k identi�er, but still non-unary nodes without blo
kidenti�ers remain and are represented (these will be 
alled empty nodes); (3) we do not implementthe parent operation.A �rst question is whi
h is the number of nodes of RevTrie, sin
e we have the same n nodesof LZTrie plus some empty nodes. As 
an be seen in Figure 19 (left), the extra RevTrie nodesstabilize around 3.4% over LZTrie nodes on ziff and around 2.2% on dna. So the pri
e for theseempty nodes, whi
h are extremely 
onvenient for sear
h purposes, is minimal. On the right we
an see that the number of trie nodes per text 
hara
ter de
reases, as expe
ted from a Ziv-Lempelparsing. What may be not so 
learly expe
ted is that RevTrie nodes de
rease at the same rate,posing a 
onstant overhead over LZTrie nodes.28
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Figure 18: Di�erent aspe
ts of the 
onstru
tion of the LZTrie data stru
ture.As we have to leave the spa
e of empty nodes in the sequen
e of identi�ers, it is 
onvenient togive them the same identi�er of their lexi
ographi
ally smallest non-empty des
endant (leaves arenever empty).6.5.2 Implementing the OperationsThe only 
omplex problem is how to implement 
hild(i; a), be
ause (1) edges are labeled by fullstrings, and (2) we do not have any representation of these strings. The problem is solved thanksto the 
onne
tions to LZTrie. Let us say that node i represents string x. For ea
h 
hild j of i, wemap j to LZTrie using jt = Node(rthr(rank(j)). From jt we go via parent() operations until wetraverse upwards string x. One step further in this path tells us whi
h is the 
hara
ter 
 by whi
hj des
ends from i. If 
 = a, then j is the 
orre
t 
hild.If and when we determine that j is the 
orre
t 
hild of i by letter a, we have to determine whi
his the string that joins i to j. This string 
an be obtained by going up more steps in LZTrie,but we need to know where to stop. Sin
e, by 
onstru
tion of RevTrie, the identi�er of j is thatof the lexi
ographi
ally smallest string in the subtree (be j an empty node or not), we only haveto 
ompute rightrank(j) to have the smallest and largest strings in the subtree. We map also29
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Figure 19: Number of trie nodes in LZTrie and RevTrie data stru
tures.j0t = Node(rtht(rightrank(j))) to LZTrie, and go up string xa. At this point we go up fromboth nodes in LZTrie. As soon as their 
hara
ters di�er, we have read the string that joins i toj. This pro
ess is done intera
tively with the 
alling method in order to solve the next 
alls to
hild(
hild(i; a); b) fast. Only when we �nally arrive at j we have to res
an the set of 
hildren, goup their paths in LZTrie, and so on. Nevertheless, the pro
ess is tedious and slow, so we seek tolimit it as mu
h as possible.6.5.3 Constru
tionThe 
onstru
tion of RevTrie is done as follows. We traverse LZTrie in a depth-�rst-sear
h manner,generating ea
h string stored in LZTrie in 
onstant time, and then inserting it into a normal trieof reversed strings. For simpli
ity, we have not 
ompressed unary paths in the normal trie. Whenwe �nish, we traverse the trie and represent it using a sequen
e of parentheses and blo
k identi�ers,and at the same time remove empty unary nodes.Figure 20 (left) shows the 
onstru
tion times for RevTrie. We have identi�ed the same foursteps as for LZTrie. Again, the most time-
onsuming pro
ess is by far the 
reation of the trie.Although a bit better than the 
onstru
tion 
osts for LZTrie, these times dominate the overall30




onstru
tion 
ost. Again we 
an see a slightly superlinear in
rease due to 
a
hing.6.5.4 Extra Spa
eWhat has worsened a lot is the extra spa
e needed to hold the normal trie. Figure 20 (right) showsthat we need around 4 times the text size for ziff, and 2.5 times for dna. This shows that theextra spa
e to represent unary empty nodes is around 77%{85% for ziff and 35%{50% for dna.After we 
ompress unary paths, the 
ompressed representation be
omes even smaller than that ofLZTrie, as we do not store the lets array. The spa
e of the normal trie is freed as soon as we haveenough information to build its 
ompressed representation, but it in
uen
es the maximum amountof main memory we need a
ross all the indexing pro
ess. In parti
ular, using path 
ompression atthe time of the 
onstru
tion of the normal trie would greatly redu
e the overall spa
e requirement.
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Figure 20: Di�erent aspe
ts of the 
onstru
tion of the RevTrie data stru
ture.6.6 Range versus RNodeIn the beginning, we implemented the Range data stru
ture pretty mu
h as des
ribed in [5℄ (Se
-tion 4). The only interesting improvement was that we noti
ed that, if the points (x; y) representeda bije
tion, then it would be possible to know the initial position of the right subtree (in the �rst31



level there would be exa
tly 2dlog2 ne=2 zeros, and so on). This would save us some rank() 
ompu-tations and would permit an easy 
onstru
tion algorithm. Hen
e we 
ompleted the mapping withfake values so as to make it a bije
tion (originally it mapped LZTrie node labeled k+1 to RevTrienode labeled k, so it was not a bije
tion be
ause there are extra empty RevTrie nodes). The pri
ein spa
e was rather moderate and the stru
ture was faster.When we tested it for sear
hing, however, it turned out that, by far, the most time-
onsumingpart of the sear
h was step 2, whi
h is the one related to Range. All our attempts to speed up theexe
ution failed. We then realized that Range o

upied n0 log n0 bits, where n0 � 1:03n was thenumber of RevTrie nodes (indeed more, sin
e we needed about 35% extra spa
e for the bitmaps inorder to implement rank()), and that with this spa
e we 
ould instead store a reverse Node datastru
ture, RNode. RNode maps blo
k identi�ers to their (nonempty) nodes in RevTrie.With RNode we 
ould solve quite de
ently the same problem addressed by Range, as follows.Say that the sear
h for P r1:::i in RevTrie leads us to node ir and the sear
h for Pi+1:::m in LZTrieleads us to node it (if any of the two nodes does not exist we know immediately that this partitionof P produ
es no mat
hes5). Both for it and ir, we 
an use rank and rightrank to determine theranges in the ids arrays where the relevant blo
ks lie. Then we have two 
hoi
es:(a) For ea
h blo
k k + 1 in the portion of ids 
orresponding to LZTrie, ask whetheran
estor(ir; RNode(k)). If so, report blo
k k.(b) For ea
h blo
k k in the portion of ids 
orresponding to RevTrie, ask whetheran
estor(it; Node(k + 1)). If so, report blo
k k.Sin
e it is easy to determine whi
h will require less work, we 
hoose the best among both 
hoi
es.Without RNode we would have been for
ed to use always option (b), whi
h is very bad when i issmall be
ause the area is too large. On average, we expe
t the area of RevTrie to be of size n=�iand that of LZTrie of size n=�m�i. So without RNode we would have to work nPm�1i=1 1=�i � n=�time, whi
h is huge. With RNode we work on average n(Pm=2i=1 1=�m�i+Pm�1i=m=2+1 1=�i) � n=�m=2,whi
h is mu
h better.An immediate 
on
ern is that, under the new s
heme, in order to interse
t two sets, we areable to work in time proportional to the smallest size, and this is inferior to the Range 
omplexity,whi
h works O((R+1) log n) independently of the set sizes. It 
ould happen that we interse
t largesets whose �nal result is small, and hen
e Range behaves mu
h better. What happens in pra
ti
eis that R has a lot to do with the sizes of the sets. Large pairs of sets produ
e a large R andhen
e Range is slow too (note that the worst 
ases o

ur for small m values). On average, if the
andidate sizes are A and B, we expe
t the result to be of size R = AB=n. This means that onaverage Range works n log n Pmi=2 1=�m = O(mn log n=�m). Comparing against the 
ost of theRNode based approa
h we have that our new approa
h is inferior for m > 2 log�(m log n). Forexample, if n = 32 mega-blo
ks of DNA, Range is better for m > 8.However, as we will see later, the 
ost of this sear
h be
omes mu
h less important for thatlength. A way to express this is as follows. If we add up the sear
h 
ost for every pattern lengthbetween 1 and M , we get asymptoti
ally �n log n using Range and n=p� using RNode. So if we5If, in RevTrie, we are in the middle of an edge, we 
an safely traverse the edge and 
onsider the 
hild as the
orre
t solution. 32




onsider that every length is equally probable, RNode is superior by far, as it wins where the 
ostsare higher. In pra
ti
e, we found that the version based on RNode took half the time of Range onshort patterns (for example sear
hing all the English words of a di
tionary on ziff) and 2=3 thetime on long patterns, no matter the length of the text.Finally, having RNode at hand simpli�es and speeds up the sear
h at other moments, as wewill des
ribe soon. As an additional bene�t, the index is about 8% smaller when we repla
e Rangeby RNode.6.7 Building the IndexConstru
tion of the overall index pro
eeds as follows.1. We build the normal Ziv-Lempel trie.2. We represent it with parentheses, letters and identi�ers. The array of identi�ers is not yetbit-pa
ked but an unpa
ked array of numbers.3. We free the normal trie.4. We build LZTrie using the array of parentheses, letters and identi�ers. The unpa
ked arrayof identi�ers is still maintained.5. We free the text, as it is not anymore ne
essary.6. We build the mapping array as the inverse of the identi�ers array, not yet bit-pa
ked.7. We free the array of unpa
ked identi�ers (we kept it until building the mapping array be
ausea

essing it is faster in unpa
ked form).8. We 
reate the bit-pa
ked Node data stru
ture and free the unpa
ked map.9. We build the normal reverse trie.10. We represent it with parentheses and identi�ers. Again the array of identi�ers is unpa
ked.11. We free the reverse trie.12. We build RevTrie using the array of parentheses and identi�ers. The unpa
ked array ofidenti�ers is still maintained.13. We 
reate the unpa
ked reverse mapping array as the inverse of the array of identi�ers, inunpa
ked form.14. We free the unpa
ked array of identi�ers.15. We 
reate the bit-pa
ked RNode data stru
ture and free the unpa
ked map.
33



This sequen
e is designed to minimize the maximum amount of main memory required to index.The maximum is usually rea
hed after step 10. Note that we soon free the text and never needit again. Figure 21 (left) shows the maximum amount of main memory required at indexing time.As it 
an be seen, the per
entage of extra spa
e required drops as the text grows, in
uen
ed bythe smaller amount of trie nodes. For ziff we need from 4.8 to 5.8 times the text size, while fordna this drops to 3.4 to 3.7. As a 
omparison, the 
onstru
tion of a plain suÆx array without anyextra data stru
ture requires 5 times the text size. The di�eren
e, of 
ourse, is that, after we buildthe index, we are left with a very su

int representation, while a normal suÆx array needs those 5times the text size forever.Figure 21 (right) shows 
onstru
tion 
osts. It be
omes 
lear that the 
onstru
tion of the triesdominate the overall 
onstru
tion 
ost, and that this is slightly superlinear. In the 
ase of ziff, for10 Mb we build the index at 0.82 se
/Mb, while for the whole 83.37 Mb text this has grown to 0.97se
/Mb. For dna the �gures are 0.53 se
/Mb on 10 Mb and 0.61 se
/Mb on 51.48 Mb. In generalwe 
an speak of a 
onstru
tion speed of 1{2 Mb/se
, whi
h is mu
h better than the 
onstru
tion
osts of, for example, suÆx arrays.
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Figure 21: Di�erent aspe
ts of the 
onstru
tion of the whole index.Finally, Figure 22 (left) shows the spa
e requirement of the �nished indexes. The os
illationsof the parentheses representation are hardly noti
eably. The spa
e requirement drops as the text34



sizes grow. For ziff, we require from 1.6 to 1.4 times the text size (and this in
ludes what we needto reprodu
e the text), while for dna the �gure stays around 1.2.The 
ompression ratios obtained are related to the 
ompressibility of the text. To show thismore 
learly and to test our predi
tions of using 4 times the spa
e needed by the 
ompressed text,we show the spa
e of the �nal index as a fra
tion of the �le size after we 
ompress it with Unix'sCompress program (a LZW 
ompressor), as well as as a fra
tion of n log n, being n the number ofZiv-Lempel blo
ks. The latter a

ounts for a pure LZW 
ompression s
heme where the text is not
ut into bu�ers, and should give a better estimate of the Ziv-Lempel 
ompressibility of the text,while the Compress program is more useful as a 
ontrol value.As 
an be seen in Figure 22 (right), Compress obtains 
ompression ratios whi
h are below thetheoreti
al optimum, as it 
uts the text in 
hunks (typi
ally of 64 Kb) and 
ompresses ea
h 
hunkseparately. Our theoreti
al 
omputation, on the other hand, shows the invariant we were lookingfor: independent of the type of the text, our index takes about 5 times the size of the Ziv-Lempel
ompressed text (without 
hunking). As our predi
tion was 4 times the text size, the rest a

ountsfor terms 
onsidered sublinear: the arrays of letters and of parentheses, hash tables, et
.
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Figure 22: Sizes of our 
ompressed indexes.
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6.8 Sear
hingThe sear
h pro
ess is divided into �ve steps. These are not exa
tly as des
ribed before. We�rst sear
h for all the pattern substrings, then for all their reverses, and then report ea
h type ofo

urren
es, 1 to 3.To analyze the empiri
al behavior of the sear
h pro
ess, let us 
all ` the average length of a LZ78phrase (that is, ` = u=n if u is measured in bytes and n in blo
ks). It holds ` = 
(log u). The larger`, the more 
ompressible the text is, as it 
an be represented in (u=`)dlog2 u=`e bytes. Ex
ept forvery spe
ial texts, most phrases have length `, and also ` = �(log u). In our experiments (Figure 19)we obtain very good approximations of the form ` = 6:16+0:22 ln u on ziff and ` = 8:74+0:18 ln uon dna.6.8.1 Building Matrix Ci;jWe sear
h for every pattern substring Pi:::j using LZTrie, and obtain the matrix Ci;j of the nodes
orresponding to ea
h substring, if any. We also obtain a matrix of blo
k identi�ers Cidi;j 
orre-sponding to ea
h node Ci;j. Matrix Cidi;j is ne
essary at several points, most evidently to reporto

urren
es of type 3. As explained, to sear
h for the O(m2) strings we traverse O(m2) edges inLZTrie, sin
e the node for Pi;j+1 must be a 
hild of the node for Pi;j. However, we 
an work lessbe
ause on
e Pi:::j is not present in LZTrie we know that Pi:::j+k is not present either for any k.On average, we do not expe
t to �ll all the m2=2 
ells. Only strings up to length ` appear inLZTrie, and hen
e we expe
t to �ll O(m`) 
ells of Ci;j . This is 
on�rmed in Figure 23, where wehave drawn the number of 
ells really �lled and an O(m log u) pattern is rather 
lear.Filling ea
h 
ell involves a 
hild(i; a) operation, whose 
ost is proportional to the average arityof the trie. Most of these operations are done 
lose to the root, where the arity is 
lose to itsmaximum �. Hen
e on average we work O(�mmin(m; log u)) time to �ll Ci;j. This is obviouslya simpli�
ation if we regard Figure 17. However, it works well be
ause, for large m, the averagearity traversed stabilizes (around 11 for ziff and 2 for dna). For small m, on the other hand, thetimes are negligible. The di�eren
e in arity (11 to 2) is explained if we de�ne � as the inverse ofthe probability of two random 
hara
ters being equal for ea
h text. This gives � = 4:8 on dna(re
all that there are newlines and N's) and � = 20:0 on ziff.Let us now fo
us on real experimental times. Figure 24 shows the time to �ll matrix Ci;j (andCidi;j). The expe
ted O(m log u) pattern is still visible, although a bit hidden by varian
e. Wehave used least squares with the model t = a+ b�m lnu and obtainedziff = �165:336 + 0:244�m ln u �se
sdna = �60:640 + 0:342�m ln u �se
swith a per
entual error6 below 7% in both 
ases. (By �se
s we mean mi
rose
onds.)6We denote by this the measure 100� �PNi=1 jyi � xij=yi� =N .
36
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Figure 23: Number of 
ells a
tually �lled in matrix Ci;j . On the left, the lines represent, from lowerto upper, m = 5, m = 10, and so on until m = 60.6.8.2 Building Ve
tor BjThe se
ond step sear
hes for every reversed pattern pre�x, P r1:::j, in RevTrie, and stores it in anarray Bj. This is ne
essary to report o

urren
es of type 1 and 2. Sin
e sear
hing in RevTrieis mu
h slower than on LZTrie, we seek to redu
e this work as mu
h as possible. The resultsalready obtained in Cid are useful. If we look for P r1:::j and P1:::j exists in LZTrie (that is, C1;jis not null), then RNode(Cid1;j) dire
tly gives us the 
orresponding node in RevTrie. Otherwise,P r1:::j 
orresponds to an empty node or to a position in a string between two nodes, and 
annotbe dire
tly found with LZTrie. Still, we 
an redu
e the sear
h 
ost as follows. Let i be theminimum value su
h that Ci;j is de�ned. Then RNode(Cidi;j) is the lowest nonempty an
estor ofthe node we are looking for. We 
an redu
e the work to that of sear
hing for P r1:::i�1 starting fromnode RNode(Cidi;j). This �nal partial sear
h has to be done using the 
hildr(node; a) operationrepeatedly (on
e per node arrived at).On average, we expe
t that strings present in RevTrie whose reverse is not in LZTrie be oflength 
lose to `. The probability of remaining in RevTrie after this length de
reases exponentiallywith m, so we expe
t the range of lengths of these strings to be O(1). This means that we expe
t37
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Figure 24: Time to build matrix Ci;j. On the left, the lines represent, from lower to upper, m = 5,m = 10, and so on until m = 60.only O(m) 
ells 
omputed in order to �ll ve
tor Bj .Figure 25 shows that, to build ve
tor Bj, we are working over O(m) 
ells. Indeed, we work overa 10% of the 
ells �lled to build matrix Ci;j.Most of these 
ells, however, are built via a new mapping to LZTrie, and hen
e several parent()operations are ne
essary, one sequen
e per trial until we �nd the 
orre
t 
hild in RevTrie. Thenumber of parent() operations to perform per ea
h trial is proportional to the length of the stringsear
hed for, O(log u). On the other hand, we perform a sequen
e of parent() operations and thenmay dis
over that the RevTrie edge was not the good one, and must keep trying until �nding theright 
hild. However, at depth O(log u), we expe
t O(1) 
hildren, so we expe
t to �nd the 
orre
t
hild (or not) in O(1) trials. Overall, we expe
t O(m log u) work to �ll ve
tor Bj.Figure 26 shows the number of parent() operations performed per 
hild() trial. The 
ase m = 5is ex
luded from the �gures be
ause no 
ells of Bj were worked on in that 
ase, as all 
ould bepredi
ted using Ci;j (
ase m < log u). The logarithmi
 pattern is 
lear.We also 
on�rmed experimentally the hypothesis that we usually �nd our 
hild in the �rst trial.This o

urs almost always on dna and after 1.3{1.5 trials on ziff. The �gures are higher form = 10 on dna (1.8) and for m = 5 on ziff (3.8). However, sin
e the overall 
ost is negligible for38
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Figure 25: Cells worked on to build ve
tor Bj .
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Figure 26: Number of parent() operations per 
hild() trial. The lines represent, from lower toupper, m = 10, m = 15, and so on until m = 60.small m values, we 
an safely disregard these 
ases.Figure 27 shows the time to �ll ve
tor Bj. As it 
an be seen, it is mu
h smaller than the time to�ll Ci;j (at least 3 times smaller on dna and 10 on ziff), despite that in prin
iple �lling Bj is mu
hmore 
omplex. This is an a
hievement of our te
hniques to redu
e the amount of 
omputation asmu
h as possible. It 
an also be seen that the times are essentially linear in m and have a smalldependen
e on u.Using least squares with the model t = a+bm+
m ln u (as the logarithmi
 pattern of Figure 26is of the form x+ y lnu) we obtainziff = �62:442 + 4:920m + 0:299m ln u �se
sdna = �100:433 + 6:752m + 0:271m ln u �se
swith a per
entual below 10% in both 
ases. In this estimation we ex
luded the values for m = 5for obvious reasons. 39
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Figure 27: Time to build ve
tor Bj .6.8.3 Reporting O

urren
es of Type 1We simply 
onsider Bm and, if it exists, leftrank(Bm) to rightrank(Bm). For ea
h blo
k identi�erk in this range, we obtain with Node(k) the 
orresponding LZTrie node. Then the full subtree ofLZTrie is traversed, reporting all its nodes (if we just want to 
ount the o

urren
es, subtreesizeis enough).Figure 28 shows the number of o

urren
es of type 1. As 
an be seen, these are signi�
ant onlyfor short patterns. The probability of an o

urren
e being of type 1 is that of a blo
k beginningnot falling at positions 2 to m, i.e. (`�m+ 1)=`. This is 
on�rmed in Figure 36, where the ratiosfor m = 5 are 0.66 on dna (predi
ted 0.66) and 0.58 on ziff (predi
ted 0.60).
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Figure 28: Number of o

urren
es of type 1.Figure 29 shows the times. As it 
an be seen, these are signi�
ant only for very frequent patterns(m = 5), as the other ones almost have no o

urren
es of this type in the text. It is also 
lear thatthe time to report the o

urren
es is almost 15 times that of just 
ounting them (in part be
ausewe 
an 
ount whole subtries in one shot). We 
ount about 15,000 o

urren
es per mse
, and report40



about 1,200 per mse
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Figure 29: Time to 
ount (left) and to report (right) o

urren
es of type 1.Dedu
ting the time of 
ounting from that of reporting, we 
an write
ount1 = 0:067 (`�m+ 1)=` R �se
sreport1 = 0:83 (`�m+ 1)=` R �se
s6.8.4 Reporting O

urren
es of Type 2As explained when we introdu
ed RNode, we have to 
onsider every possible splitting position i(whose nodes are Ci+1;m and Bi) and obtain leftrank and rightrank of both nodes. Then we
hoose to iterate over the smaller range, and for ea
h blo
k identi�er, we map the adja
ent blo
knumber to the other tree using Node or RNode. Ea
h time the mapped node des
ends from Ci+1;m(in LZTrie) or Bi (in RevTrie), depending on our 
hoi
e, the blo
k is reported.Figure 30 (left) shows the number of o

urren
es of type 2. On the right we show the amountof veri�
ation work, that is, number of 
andidate nodes tested. On ziff, 1 out of 3.5 be
omes areal o

urren
e, while on dna only 1 out of 9.5.41
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Figure 30: On the left, number of o

urren
es of type 2. On the right, amount of veri�
ation.Figure 31 shows the times. Again, they are signi�
ant only for frequent patterns (m � 15),as the other ones almost have no o

urren
es of this type in the text. This time, however, longerpatterns have signi�
ant times.The real time for this step depends both on the number of 
andidates and of real o

urren
es. Wetest about 3,500 
andidates per mse
, 
onsidering 
ounting time. Reporting these real o

urren
esis done at a rate of 1,400 per mse
. There is an extra work to test all the splitting positions, butthis turns out to be absolutely negligible. O

urren
es are reported a bit faster than those of type1 be
ause in this 
ase we have dire
t a

ess to the nodes, without the need of traversing the trie.However, the di�eren
e is not mu
h signi�
ant.The main issue is to predi
t how mu
h veri�
ation work will we perform. The most importantlength we have to 
are about is m=2, as the number of veri�
ations triggered by the longer onesis mu
h smaller. We 
an expe
t to �nd R = u=�m o

urren
es, while the number of 
andidatesis on average u=�m=2. From these, however, only 1 out of ` is pla
ed at a text position su
h thatthere is a blo
k boundary at position m=2. Hen
e we expe
t only u=(`�m=2) 
andidates, whi
h ispuR=`. This estimation turns out to work more or less well for dna, where it predi
ts 80% of thereal amount of veri�
ations, but very bad on ziff, where it predi
ts 7 times the real amount ofveri�
ations. 42



0

0.5

1

1.5

2

2.5

3

3.5

0 10 20 30 40 50 60

U
se

r 
tim

e 
(m

se
cs

)

Pattern length (m)

ZIFF: Time to count occurrences of type 2

u = 10 Mb
u = 20 Mb
u = 30 Mb
u = 40 Mb
u = 50 Mb
u = 60 Mb
u = 70 Mb
u = 80 Mb
Whole file

0

1

2

3

4

5

6

0 10 20 30 40 50 60

U
se

r 
tim

e 
(m

se
cs

)

Pattern length (m)

ZIFF: Time to report occurrences of type 2

u = 10 Mb
u = 20 Mb
u = 30 Mb
u = 40 Mb
u = 50 Mb
u = 60 Mb
u = 70 Mb
u = 80 Mb
Whole file

0

5

10

15

20

25

30

35

40

45

50

0 10 20 30 40 50 60

U
se

r 
tim

e 
(m

se
cs

)

Pattern length (m)

DNA: Time to count occurrences of type 2

u = 10 Mb
u = 20 Mb
u = 30 Mb
u = 40 Mb
u = 50 Mb
Whole file

0

10

20

30

40

50

60

70

0 10 20 30 40 50 60

U
se

r 
tim

e 
(m

se
cs

)

Pattern length (m)

DNA: Time to report occurrences of type 2

u = 10 Mb
u = 20 Mb
u = 30 Mb
u = 40 Mb
u = 50 Mb
Whole file

Figure 31: Time to 
ount (left) and to report (right) o

urren
es of type 2.This has mostly to do with the fa
t that the text is not random. For example, the previous�gures show that if we know the �rst or last 3 letters of a text passage, we 
ould guess the next 2with probability 1=3:5 on ziff and 1=9:5 on dna. This shows that ziff has indeed smaller entropythan dna when we 
onsider longer strings. Table 1 shows the inverse probability of two 
hara
tersmat
hing as we 
onsider higher order models, as far as we 
ould go with our 
omputer. While dnastabilizes around 3, ziff rea
hes 1.94 without signs of stabilization.Let us 
all �k the inverse probability of mat
hing if we 
onsider k previous 
hara
ters (hen
e� = �0). We expe
t that 1 out of �3�4 
andidate o

urren
es be
ome real o

urren
es for m = 5.That is, the 4th 
hara
ter has to be equal given the �rst 3, and then the 5th has to mat
h giventhe �rst 4. This gives us 1=4:48 on ziff and 1=8:82 on dna. This is a mu
h better estimation,espe
ially be
ause for memory limitations we 
ould not 
ompute exa
tly the value �4 on ziff. Weexpe
t therefore, at 
ounting time, a veri�
ation e�ort over R2W = R2�dm=2e : : : �m�1 
andidates,where R2 is the number of o

urren
es of type 2. On a random text �k = � and hen
e RW =R�m=2 = u=(`�m=2) = puR=` as explained. We 
an thus predi
t
ount2 = 0:29 (m� 1)=` RW �se
sreport2 = 0:71 (m� 1)=` R �se
s43



Order ziff dna0 20.00 4.821 7.31 3.072 3.53 3.053 2.31 2.984 < 1:94 2.96Table 1: Inverse of the probability of two 
hara
ters mat
hing, given 
ontexts of di�erent orders.
6.8.5 Reporting O

urren
es of Type 3Instead of the arrays A proposed in the theoreti
al part, we opt for a 
losed hash table (load fa
torat most 1/2) where all the triples (i; j; Cidi;j) are stored with key (i; Cidi;j) (of 
ourse only when Cidis not null). Then we try to extend ea
h mat
h Ci;j by looking for (j +1; j0; Cidi;j +1) in the hashtable, marking entries (i; j) already used by a sequen
e that starts before, until we 
annot extendthe 
urrent entry. At this point, if the pattern spans 3 blo
ks or more, the sequen
e of involvedblo
ks is k : : : k0, and the pattern area is i : : : j0, then we 
he
k that an
estor(Cj0+1;m; Node(k0+1))holds in LZTrie and that an
estor(Bi�1; RNode(k � 1)) holds in RevTrie. If all these tests pass,we report blo
k k � 1.As there are O(m`) �lled 
ells in Ci;j, we expe
t to work O(m log u) overall in this step. Thereason is that the probability of being able of extending a given 
ell is rather low, hen
e we 
an onaverage extend a 
ell O(1) times (usually zero).Figure 32 shows the amount of probes to extend maximal o

urren
es (left) and number ofmaximal o

urren
es found and 
he
ked (right). As expe
ted, both are very similar, and theyin
rease linearly with m and slightly with u.Figure 33 shows the times. They are rather negligible overall, although they in
rease linearlywith m and slightly with u. The number of o

urren
es found is very low, so the time is basi
allythat to extend o

urren
es and 
he
k maximal ones. Our estimation is:ziff = �15:000 + 0:429m + 0:109m ln u �se
sdna = �17:342 + 0:729m + 0:095m ln u �se
swith per
entual errors below 20%{25%.It is somewhat interesting to see the number of o

urren
es of type 3, shown in Figure 34. It�rst in
reases (be
ause short o

urren
es 
annot span 3 blo
ks) and then de
reases as o

urren
esare less probable. At the end it 
onverges to 1 be
ause patterns are taken from the text. In all
ases they are very few.
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Figure 32: On the left, number of probes to extend maximal o

urren
es of type 3. On the right,number of 
he
ks of maximal o

urren
es.6.8.6 Reporting LevelsReporting is done at three levels. The lowest level is 
ounting: We just tell how many times Po

urs in T . The next level (whi
h we have 
alled just \reporting") gives all the text positions of Pin T . These are given in the form (blo
k number, o�set). Converting them to usual text positionswould require another array that maps blo
k identi�ers to text positions. This 
an be done, but we
onsider that it is not ne
essary. The representation we use 
an be used to 
ompare two positionsso as to determine whi
h is smaller, and to obtain the surrounding text given a position in thatformat. This should be enough for most appli
ations. Finally, the highest reporting level printsthe text around ea
h o

urren
e found. Currently the 
ontext is limited by newlines, but this isnot hard to 
hange. This text is obtained ba
kwards by moving from the blo
k of interest towardsthe root of LZTrie and printing the letters found at the edges. More and more blo
ks to the leftor to the right are easily obtained using Node(k � 1) or Node(k + 1).Figure 35 shows the overall query times under the di�erent reporting levels. Note that we usea logarithmi
 s
ale on y. The nonmonotoni
 behavior 
omes from the fa
t that, for short patterns,reporting time largely dominates, while for long patterns the most relevant time is that of sear
hingfor the pattern substrings. 45
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Figure 33: Time to 
ount (left) and to report (right) o

urren
es of type 3.Figure 36 shows the overall number of o

urren
es. This shows that we report 600{800 o

ur-ren
es per mse
, and output about 14 mat
hing lines per mse
.7 Comparison Against OthersWe have 
ompared our prototype against two of the most prominent alternative proposals. Wehave used the same experimental setup of the previous se
tion, taking the whole ziff and dnatexts. We have 
onsidered 
onstru
tion time and spa
e, but our highest interest is in query times,both for 
ounting and for reporting.An important fa
t is that the di�erent indexes take di�erent spa
e. Although our index doesnot permit important spa
e-time tradeo�s7, the others do. Hen
e, we tune the other indexes so asto make them take the same spa
e of our index.All these indexes need to operate the data stru
ture in main memory, as their a

ess patternto the stru
tures is random. Hen
e, it should be made 
lear what we mean by \the spa
e of theindex", as we 
an usually store them taking less spa
e than the one needed to operate in main7Some 
ould be a
hieved by enlarging hash tables, for example, but the result is not mu
h signi�
ant.46
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Figure 34: Number of o

urren
es of type 3.memory. In one extreme, we 
ould just map all our main memory data stru
tures to disk and usethe same disk spa
e as the main memory spa
e, and \booting" the index would 
onsist of dire
tlyloading all the disk spa
e into main memory. On the other extreme, we 
ould simply store the plaintext 
ompressed in the best way, totally independent of our index, and \booting" would 
onsist ofa
tually 
onstru
ting the index. As the server probably will load the index on
e and then answermany queries, both 
hoi
es may be a

eptable. In parti
ular, depending on the index 
onstru
tiontime versus disk speed, one or the other extreme may be the best 
hoi
e. This shows that speakingof the spa
e needed by the index on disk may have little sense, as all 
ould just store the 
ompressedtext and build the index on the 
y. Rather, we will be interested in how mu
h main memory spa
edoes the index need in order to operate properly.We will �rst explain the implementations of the alternative indexes 
hosen, and then show theresults of the 
omparison.7.1 Ferragina and Manzini's FM-indexThis index, proposed in [6, 7℄, 
onsists of (i) the permuted text, whose 
hara
ters are reordereda

ording to the Burrows-Wheeler transform and then 
ompressed using run-length and move-to-front, (ii) a two-level dire
tory C that permits knowing 
ount(
; i), the number of times 
hara
ter
 appers before position ir in the permuted text, and (iii) a sampling of pointers S that tells, for1 out of D permuted text positions, whi
h is their position in the original text.We 
ould not obtain the sour
es of the implementation of this index from the authors. There isan exe
utable at their Web page, http://butirro.di.unipi.it/ ferrax/fmindex/index.html,but the interfa
e does not permit running massive and trustable tests, as it 
an sear
h for onepattern per run. Hen
e, we implemented the index ourselves. We explain now the de
isions taken.These follow rather 
losely the des
riptions in [7℄. We did our best to implement this index aseÆ
iently as possible. Later we will give some 
ontrol values to show that our implementation is
ompetitive against the exe
utables given by the authors.Dire
tory C works as follows. The permuted text is divided into blo
ks of 28 
hara
ters andsuperblo
ks of 216 
hara
ters. For ea
h superblo
k and 
hara
ter 
 we store a 
umulative 
ount47
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Figure 35: Overall query times when 
ounting o

urren
es (top), reporting positions (middle), andto output mat
hing lines (bottom). The legends are on the lowest �gures of ea
h 
olumn.
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Figure 36: Overall number of o

urren
es.of the o

urren
es of 
 up to the beginning of the superblo
k. Inside ea
h superblo
k, for ea
h
hara
ter 
, we store a byte sequen
e (of length at most 28) of how many times does 
 appear insideea
h blo
k of that superblo
k. Runs of zeros are frequent and these are run-length 
ompressed.Hen
e, in order to 
ompute 
ount(
; i) we have to (a) get the superblo
k 
ounter value; (b) runthrough the byte sequen
e of 
 inside the superblo
k, adding per-blo
k o

urren
es until rea
hingthe relevant blo
k (runs of zeros are traversed fast); and (
) traverse the permuted text inside theblo
k to add up the �nal intra-blo
k value. This stru
ture permits 
omputing 
ount(
; i) by doingsimple operations over at most 28 + 28 bytes (
onsidering byte sequen
es and permuted text). Itsextra spa
e requirement is rather modest, as seen soon.The sampling of pointers S is used only when reporting o

urren
e positions. It is implementedas a plain array of integers, whi
h is appropriate for the text sizes we are 
onsidering (we would haveneeded 26{27 bits out of 32 anyway, and a

ess is mu
h faster this way). The value of D dire
tlya�e
ts reporting times, be
ause we need to perform, on average, D=2 
ount(i; 
) operations in orderto dis
over the text position of ea
h o

urren
e.The idea is that, starting at some permuted text position, we move ba
kwards position-wise inthe original text positions, whi
h leads us to another (basi
ally random) permuted text position.We keep doing that until we �nd a position that is sampled in S, and then we know where weare in the original text and where we were when we started the pro
ess. S regularly samples theoriginal text, so we need, in addition to the array of pointers, a hash table that answers whether agiven permuted text position is sampled or not. This was implemented as a 
losed hash table withload fa
tor 0.5. The idea suggested in [7℄, of marking 
hara
ters and sample their positions, wasdis
arded be
ause it does not permit obtaning the desired extra spa
e on dna.There are two possible spa
e-time tradeo�s for this index. A �rst one refers to the amount ofinformation on blo
ks and superblo
ks, as smaller ones redu
e the 
ost of 
ount(
; i) operations. Ase
ond one is the value D, whi
h is only meaningful for reporting queries.For 
ounting queries, we should drop the array of pointers S and use more spa
e for C. However,this index turned out to be so fast for these queries that there was not a point in optimizing it forthis 
ase. As we see shortly, our index is 
ompletely out of 
ompetition for these queries.For reporting queries, spending more spa
e on S redu
es the sear
h time faster than spending49



it on C. Hen
e we used C as explained, using �xed spa
e, and redu
ed D as mu
h as possible untilusing the permitted amount of spa
e. In order to give the FM-index the same main memory of ourindex, we let it use an additional 8.1% of the text spa
e to store S on ziff and 3.4% on dna. Thismeans a sampling of 1 out of 50 entries for ziff and 1 out of 120 for dna. With these parameters,dire
tory C took 4.82% of the total index spa
e on ziff and 1.89% on dna, and the sampling ofS took 27.59% of the index spa
e on ziff and 14.32% on dna. The rest is used for the permutedtext.The per
entages given to D are so low be
ause we de
ided to store the permuted text inun
ompressed form. The other 
hoi
e would have been keeping it 
ompressed and using the extraspa
e for S. The 
ompressed texts take 23.24% of the original text on ziff and 25.27% on dna (weuse Hu�man to 
ompress the move-to-front values, as this gave better results than Æ-
oding [4℄).This would have permitted us to use, for S, 2.87 times more spa
e on ziff and 5.40 on dna. Thismeans that D would de
rease 2.87 or 5.40 times. Multiplying this by the number of 
hara
terspro
essed per blo
k, we have that we would have pro
essed 12.35 times fewer bytes on ziff and21.37 on dna.The drawba
k, of 
ourse, is that those bytes we have to traverse now are mu
h more expensive topro
ess than un
ompressed text 
hara
ters: They are bit-
odings of move-to-front values. Insteadof just one 
omparison and an optional in
rement over registers, we have to (i) extra
t the bits,(ii) obtain their numeri
al value from the Hu�man tree, (iii) sear
h the move-to-front linked list(usually a few positions, say 3 or 4), (iv) move the element found to front, and (v) do the 
omparisonand optional in
rement as well. De
oding move-to-front is the slowest part of this pi
ture, whi
h
an perfe
tly ex
eed the 12- or 20-fold gain. Indeed, in our experiments pro
essing ea
h 
ompressedMb took 387 mi
rose
onds on ziff and 338 on dna. Comparing and adding took 4.12 mi
rose
ondson ziff and 2.06 on dna. This shows that de
ompression poses a 100- to 150-fold slowdown, mu
hlarger than the 12- to 20-fold speedup.Hen
e, we de
ided to keep the permuted text in un
ompressed form. Of 
ourse this is not anoption if one wants the FM-index to take less spa
e than the text, but this is the best 
hoi
e inorder to 
ompete against our index. It should also be 
lear that the de
ision strongly depends onthe type of 
ompression used, for the 
ompression ratio and de
ompression speed. Other s
hemeswould yield a di�erent result. A study on this is interesting as well, but out of the s
ope of thispaper. A di�erent 
hoi
e, however, is explored in the next se
tion.Building the index implies a suÆx array 
onstru
tion. We have used a simple qui
ksort, althoughthere are faster methods. We are not fo
using mu
h on index 
onstru
tion times anyway.7.2 Sadakane's CSArrayWe obtained from K. Sadakane his implementation of the Compressed SuÆx Array index proposedin [25℄. This implements a suÆx array sear
h over a 
ompressed representation of it. The maindata stru
tures are 	, whi
h permits moving from the suÆx array position that points to i to thatpointing to i+ 1, and a sampling of the suÆx array. The array 	 
an be stored with a te
hniquesimilar to that used by the FM-index to store the text, as values 	(i)�	(i� 1) tend to be small.It also needs some dire
tory stru
tures to 
ompute 
umulative frequen
ies, just as the FM-index.The sampling of the suÆx array plays a similar role as well. As 
an be seen, the ideas are not soradi
ally di�erent after some analysis. This index permits moving \forward" in the text, while the50



Index Constru
tion time Main memory spa
eziff dna ziff dnaFM-index 4.990 5.260 5.00 5.00CSArray 19.28 6.890 11.18 10.20LZ-index 0.968 0.605 4.95 3.46Table 2: Index 
onstru
tion requirements. Times are in se
onds per Mb and spa
e in number oftimes the text size.FM-index moves \ba
kward".One important di�eren
e, however, is that the CSArray does not need move-to-front as an inter-mediate 
ompression step. This permits mu
h faster de
ompression. Moreover, this implementationuses just Æ-en
oding, whi
h is de
ompressed fast. This permits keeping the text in 
ompressed formand using more spa
e for the suÆx array sampling, with a mu
h smaller de
ompression penalty.Two parameters permit di�erent spa
e-time tradeo�s. The �rst, D, is the sampling interval ofthe suÆx array: 1 out of D suÆx array values are stored expli
itly. The se
ond, L, is the samplingstep for 	 (apart from the 
umulative di�eren
es, we need expli
it values from time to time). A
ounting query takes O(m(L+log u)) time, while a reporting query takes O(RDL) time. We testeda thorough range of 
ombinations of D and L giving the same spa
e of our index. The best inpra
ti
e turned out to be D = 7; L = 16 for ziff and D = 8; L = 32 for dna.In the 
onstru
tion, Sadakane uses a faster suÆx array 
onstru
tion method, whi
h needs 8times the text size at 
onstru
tion time. However, 
ompressing the resulting suÆx array takes evenmore spa
e. Probably this has not been optimized for this prototype. We only rewrote small partsof the 
ode in order to improve the way text 
ontexts around o

urren
es are shown.7.3 ComparisonRe
all that we 
ompare the three indexes su
h that they take the same amount of main memoryto fun
tion. Table 2 shows the time and memory requirements to build the di�erent indexes(although the �nal index spa
e is the same, they need di�erent spa
e to build). As it 
an be seen,our index (LZ-index) builds mu
h faster than the others (whose 
onstru
tion time involve at leastthe 
onstru
tion of a suÆx array). It also needs less memory to build.Let us now 
onsider sear
h times. Figure 37 shows the overall query times under the di�erentreporting levels. Note that we use a logarithmi
 s
ale on y.For 
ounting queries, the FM-index is unparalleled, taking around 1:7m �se
s. The CSArray,although slower, is still mu
h faster than our LZ-index, taking around 5m �se
s. It is 
lear that wedo not have a 
ase for 
ounting queries: the LZ-index took 112m �se
s on ziff and 38m �se
s ondna, 10{20 times slower than the CSArray and 20{60 times slower than the FM-index.The FM-index, however, be
omes mu
h slower to report the positions of the o

urren
es found,a
hieving a rate of 10{20 o

urren
es per mse
 (re
all that our rate is 
loser to 900{1,400 per mse
,depending on the hit ratio on 
andidates of type 2). The CSArray is faster than the FM-indexat this step, reporting 100{160 o

urren
es per mse
, by taking advantage of the denser sampling.51
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Figure 37: Overall query times when 
ounting o

urren
es (top), reporting positions (middle),and to output mat
hing lines (bottom). We 
ompare our LZ-index against the most relevantalternatives.
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This is, in turn, a 
onsequen
e of the di�erent 
ompression methods used. In any 
ase, it is 
learthat �nding the a
tual positions of the o

urren
es is 
ostly under their s
hemes, 70{90 times slowerfor the FM-index and 9 times slower for the CSArray.The di�eren
es favor the LZ-index even more if we ask to reprodu
e the lines where the o
-
urren
es were found. Remind that this is an essential feature, sin
e all these indexes repla
e thetext and hen
e our only way to see the text is asking them to reprodu
e it. While our LZ-indexis able to show around 14 lines per mse
, the FM-index and the CSArray 
an show only 4{6 linesper mse
. This time the sampling of the suÆx array plays a less important role (and hen
e ourFM-index and CSArray implementations have little di�eren
es). The reason is that the sampledsuÆx array is used just to �nd the o

urren
e position, and from then on one letter is output perstep (forward or ba
kward move in the original text). The problem is that ea
h su
h step needs to�nd the 
hara
ter that 
orresponds to that suÆx array position.As a 
on
lusion, we have that our index is rather slow to 
ount the number of o

urren
es, butmu
h faster to show their positions or their text 
ontexts. This is rather intrinsi
, be
ause in ourindex the o

urren
es of P are s
attered all around the index, while these are all together in a suÆxarray. Giving the o

urren
e positions and text 
ontexts, however, is rather fast be
ause we didmost of the work in the 
ounting phase. We require only a fast tree traversal step per 
hara
teroutput. Compressed suÆx arrays, on the other hand, rely on a sampled suÆx array and they mustperform expensive traversals until they determine the a
tual suÆx array values.We 
laim that, for most text retrieval needs, knowing just the amount of o

urren
es is notenough. Although it may be useful at the internal ma
hinery of other more 
omplex tasks, thebottom line is that the user wants to know where the o

urren
es are and most probably to seetheir text 
ontext (not to speak of retrieving the whole do
ument, not the line, 
ontaining theo

urren
e).Let us be pessimisti
 against the LZ-index and assume that one 
an build an alternative asfast as the FM-index to sear
h for the pattern and as fast as the CSArray to show the o

urren
es(this s
enario is rather realisti
). It turns out that, to report the o

urren
es, the LZ-index wouldbe
ome faster after we report 1,400 o

urren
es on ziff or 300 on dna. If we would like to see thelines 
ontaining the o

urren
es, these numbers drop to 65 on ziff and 13 on dna. This showsthat our index be
omes superior as soon as we have to show a few o

urren
es.To 
on
lude, we give some data on our tests over the exe
utables of the FM-index providedby the authors. These permit a 
oarse 
ontrol over the index spa
e by spe
ifying the frequen
y ofa 
hara
ter whose positions will be sampled. Although we tried the highest possible frequen
ies,we 
ould not obtain indexes larger than 75.02% of the ziff �le and 109.81% of the dna �le. Theformer is half the spa
e we permit, while the latter is rather 
lose to the 
orre
t value. The mainmemory required to build the index is 9 times the text size, and the 
onstru
tion speed is 1.7 to2.3 se
/Mb. The time to 
ount o

urren
es is negligible, as expe
ted. O

urren
e positions werereported at a rate that varied a lot, but was always between 0.5 and 10 o

urren
es per mse
. Whenwe asked the index to show a text 
ontext of length equivalent to an average line (43 
hara
terson ziff and 61 on dna), it showed them at a rate of 10 to 20 per se
ond. Even if we assume thatthe index on ziff 
ould double its performan
e by using twi
e the spa
e, the �gures still show thatour implementation of the FM-index is 
ompetitive against that of the original authors, when not53



superior by far8. The results did not vary when we tried di�erent memory poli
ies o�ered by theindex (on disk, mmaped, in main memory).8 Con
lusionsWe have presented an index for text sear
hing based on the LZ78/LZW 
ompression. At the pri
eof 4n log2 n(1 + o(1)) bits, we are able to �nd the R o

urren
es of a pattern of length m in a textof n blo
ks in O(m3 log � + (m+R) log n) time.We have implemented the index and 
onsidered the tradeo�s between theoreti
ally good ideasand pra
ti
ally eÆ
ient implementations. We have empiri
ally studied the behavior of the manyaspe
ts of our index, and shown that the average sear
h 
ost of our implementation is of the formO(�m log u+puR).Finally, we have 
ompared our prototype against existing alternatives and have shown that ourindex is 
ompetitive in pra
ti
e. Although it is mu
h slower to 
ount how many o

urren
es arethere, it is mu
h faster to report their position or their text 
ontext. Indeed, we show that if thereare more than 1,400 (ziff) or 300 (dna) o

urren
e positions to report, or more than 65 (ziff)or 13 (dna) text lines to show, the LZ-index be
omes superior. In our experiments this happenedup to m � 10 (ziff) or m � 5 (dna) to report o

urren
e positions and up to m � 20 (ziff anddna) to report mat
hing lines. This in
ludes most of the interesting 
ases on natural language andseveral ones on geneti
 sequen
es.Altough the slowness for 
ounting queries is intrinsi
 of our index, we believe that times 
an be atleast improved. One 
lear slowdown fa
tor is the linear sear
h of nodes when exe
uting 
hild(i; a),as the time to �ll matrix Ci;j dominates the overall time on
e we ex
lude reporting. One 
hoi
ewould be to repla
e it by a two-level stru
ture, where 
hildren are grouped into p� 
ontiguousgroups of p� nodes ea
h, hen
e permitting faster a

ess to the desired 
hild. Another operationwhose improvement will bene�t the overall sear
h time is that of �nding mat
hing parentheses(find
lose() and parent()).Other 
hallenges that lie ahead are performing regular expression and approximate sear
hingusing this index, working on se
ondary memory, and trying to 
ompete against 
ompressed invertedindexes designed for natural language text. Building the index in su

int spa
e would be animportant step in this dire
tion (see, for example, [18℄).The implementation of ours and other indexes has pointed out the large gap between theoret-i
ally and pra
ti
ally appealing ideas. We have shown several examples where the best de
isionsdo not mat
h. We have also learned that most of the eÆ
ien
y in a real implementation of theseindexes may have to do with aspe
ts that are usually disregarded at the algorithmi
 level, su
h asthe exa
t way the 
ompression is performed. The best way to implement these indexes, as well asa thorough 
omparison, is an interesting open issue.A
knowledgementsWe thank Kunihiko Sadakane for kindly giving as a prototype of his index [25℄.8We believe that the authors have optimized their implementation for a spa
e 
onsumption mu
h inferior thanthat of our 
omparison. For example, they keep the permuted text in 
ompressed form.54
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